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CALCULATIONS ON e+ - N2 IONIZATION 
 
 

R. I. CAMPEANU1, I. TÓTH2* and L. NAGY2 
 
 

ABSTRACT. Positron impact direct ionization cross sections are calculated for 
molecular nitrogen using two distorted wave models. The results are compared 
with the latest experimental and theoretical data available. 
 
Keywords: ionization, positron, nitrogen molecule 
 
 
 

INTRODUCTION 
 
Positron collision phenomena with molecular targets have attracted much 

interest in the last decades. Potential improvements in applications like positron 
emission tomography provide an additional motivation for studying such collision 
phenomena. Experimental measurements for the ionization of several molecules 
by positrons have been carried out over the years. These molecules include simple 
ones like H2 [1, 2], N2 [3–5], O2 [5, 6] or more complex ones like CO [5, 7], CH4 [7] 
and CO2 [7, 8]. For N2 even differential studies are available [9].  

On the theory side we studied the positron impact ionization of several 
molecules using distorted wave methods and a Gaussian-type multicenter molecular 
wavefunction [10,11]. We obtained a particularly good agreement with the 
experimental data for N2 of ref. [3]. In another study [12] the Spherical Complex 
Optical Potential (SCOP) method was employed to calculate ionization cross section for 
several molecules, including N2. These calculations also showed a good agreement 
with the experimental data [3].  

Our present study is motivated by the publication of a new set of experimental 
data [4], which showed smaller cross section values than those measured in [3]. 
We introduce two models in order to calculate the direct ionization cross section 

                                                            
1 York University, Department of Physics and Astronomy, 4700 Keele Street, Toronto, Canada M3J 1P3 
2 Babeş-Bolyai University, Faculty of Physics, 1 Kogălniceanu str., 400084 Cluj-Napoca, Romania 
* Corresponding author: istvan.toth@phys.ubbcluj.ro  
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for N2 in collision with positron projectiles and compare the new results with the 
existent experimental and theoretical data. 

 
 

THEORY 
 
The ionization cross section of a molecular target can be calculated by 

integrating the triple-differential cross section 
 ௗయఙௗ𝒌𝒇ௗ𝒌𝒆ௗா = ∑ ሺଶగሻరா |𝑓|ଶ  (1) 

 
which is a function of several physical quantities, like the projectile energy 𝐸, the 
energy of the ejected electron 𝐸  and the scattering angles of the momenta of the 
outgoing particles. The sum in the above equation is performed over all occupied 
molecular orbitals. The scattering amplitude, 𝑓 may be written as 
  𝑓 = ൻ𝜙(𝒓𝟏)𝜙(𝒓𝟐)ห𝑉(𝑟ଵଶ)ห𝜙(𝒓𝟏)𝜙(𝒓𝟐)ൿ  (2) 
 

In equation (2), 𝜙, 𝜙 and 𝜙 stand for the wavefunctions of the incident, 
ejected and scattered particles, while 𝜙 describes the bound state of the active 
electron represented as a Gaussian-type multicenter wavefunction [10]. The position 
vector of the active electron is 𝒓𝟐, while 𝒓𝟏 is the corresponding vector for the 
projectile. 𝑉(𝑟ଵଶ) is the interaction potential between the projectile and the active 
electron. In order to separate the radial and angular part of the multicenter bound 
state, we expand it in terms of the Legendre polynomials for 𝜎 orbitals: 
 𝜙(𝒓𝟐) = ∑ 𝑦್್ (𝑟ଶ,𝑅)𝑃್(cos𝜔ଶ)  (3) 
 
where the expansion coefficient can be calculated as 
 𝑦್ (𝑟ଶ,𝑅) = ଶ್ାଵଶ  𝑑ଵିଵ (cos𝜔ଶ)𝑃್(cos𝜔ଶ)𝜙(𝒓𝟐)  (4) 
 

Here, 𝑙 stands for the orbital angular momentum quantum number of the 
bound state electron and 𝑅 is the internuclear separation, while 𝜔ଶ is the angle 
between 𝑹 and 𝒓𝟐. The expansion cannot be applied directly to 𝝅 orbitals due to 
the dependence on the 𝝋 angle of such states, hence a transformation to the centre of 
mass coordinates is applied before the expansion. Further, we apply a transformation 
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from the molecular frame to the laboratory frame. These transformations are all detailed 
in [10]. The wavefunctions of the free particles were expanded into partial wave series. 
Performing all these calculations the triple-differential cross section may be written as a 
sum of cross sections characterized by a certain angular momentum of the initial 
state with quantum numbers 𝑙 and 𝑚: 
 ௗయఙௗ𝒌𝒇ௗ𝒌𝒆ௗா = ∑ ∑ (ଶగ)రா್್ ห𝑓್್ หଶ  (5) 
 

where 𝑓್್  is the partial scattering amplitude for orbital 𝑛. In the laboratory 
frame the molecule can have an arbitrary orientation, therefore we must average 
the cross section (5) over all possible orientations of 𝑹. In order to obtain the total 
ionization cross section the differential cross section is integrated over the angles 
of the outgoing particles and the energy of the ejected electron.  
 In order to calculate the ionization cross section, we use two different 
approaches to the wavefunctions of the particles involved in the process. The first 
model, employs Coulomb waves for describing the outgoing particles, while the 
incoming projectile is described by a plane wave. This can be formalized in terms 
of the potentials ’seen’ by the particles as follows: 
 

൞ 𝑉 = 0𝑉 = −ଵ𝑉 = ଵ
  (6) 

 

 Here, 𝑉, 𝑉  and 𝑉 are the potential energies for the incoming, ejected and 
scattered particles. We call the above ensamble of potentials the CCA (Coulomb-
Coulomb Approximation) model, which refers to the Coulomb wave functions describing 
the outgoing particles, calculated by solving the radial Schrödinger equation for these 
potentials. The CCA model was first introduced for the description of the positron 
impact ionization of the helium atom [13]. In a second model, called TSS (Total 
Screening - Symmetric) we have calculated the wave functions of the free particles 
by employing the potentials detailed below: 
 ቐ 𝑉 = 𝑉௨ − 𝑉௧௦𝑉 = −𝑉௨ − 𝑉௧௦ି𝑉 = 𝑉௨ − 𝑉௧௦ି   (7) 

 

where 𝑉௨  , 𝑉௧௦ and 𝑉௧௦ି  are the spherically averaged potentials of 
the nuclei, electrons and residual electrons, respectively. These potentials provided 
distorted waves for the description of the continuum states by solving the radial 
Schrödinger equation. The averaging of these potentials was detailed in [11]. 
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RESULTS 
 
 Figure 1 shows our CCA and TSS results compared with two of the existing 
experimental sets of data and with our previous theoretical cross sections and the 
theoretical calculations of [12]. The data of Bluhme et al [3] were obtained by 
normalizing the relative experimental cross sections to the theoretical cross sections of 
Krishnakumar et al [14], while the data of Cooke et al [4] were obtained by normalizing 
their relative cross sections to the electron impact cross sections measured with the 
same apparatus. We also show in Figure 1 the experimental data of Marler and 
Surko [5], which include contributions from dissociative ionization too, hence the 
large disagreement with the Cooke et al [4] experiment. Our models CPE, ES and 
TS were employed to calculate positron impact ionization cross sections for several 
molecules including N2 [11]. All these models take into account the screening of 
the residual ion by the slower particle. If the scattered projectile is faster than the 
ejected electron, the model assumes that the ejected electron moves in the 
spherically averaged potential field of the nuclei and residual electrons, while the 
projectile is essentially described by a plane wave. For an ejected electron faster 
than the scattered positron, the electron moves in the averaged field of the nuclei-
positron and the averaged field of the residual electrons, while the positron is 
described by a Coulomb wave. The difference between the 3 models is in the way 
they include the screening. ES (Electron Screening) considers the screening only 
for the ejected electron, TS (Total Screening) considers screening for all free particles, 
while CPE uses only Coulomb and plane waves. Figure 1 shows that the our ES and 
the SCOP calculations of [12] are in very good agreement with the experimental 
data of Bluhme et al [3]. In the CCA and TSS models both outgoing particles move 
in the field of the residual ion independent of their energies. In the CCA model the 
wavefunctions of the outgoing particles are Coulomb waves calculated by employing 
the potential of the residual ion, while in the TSS model both outgoing particles 
move in the spherically averaged potential of the nuclei and residual electrons. In 
ref. [13] model CCA was shown to produce ionization cross sections significantly 
lower than the CPE model. The same is seen in Figure 1. Both the CCA and TSS model 
provide cross sections which are lower than those of the CPE, ES and TS models. 
The height of the peak in the CCA and TSS curves is similar to the height of the 
peak in the experimental data of Cooke et al [4], but the theoretical peaks appear 
at an impact energy of 200 eV, while the experimental peak at 80-100 eV. This 
shift is probably the consequence of the simplification we employed in our 
models, that both particles move in the field of the residual ion, regardless of their 
energy.  
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Fig. 1. Direct ionization cross sections for the N2 molecule as a function of the impact energy 
of the positron. Our present results are provided by the CCA and TSS models, compared 
with the experimental data of [3] and [4] and the theoretical calculations of [12]. Our 
previously calculated results are also shown for the CPE, ES and TS models [11]. 

 
 
CONCLUSIONS 
 
 We have calculated direct ionization cross sections for the ionization of N2 
by positron projectiles using two distorted wave models and we compared them 
with the existent experimental data and theoretical calculations. This work was 
motivated by the discrepancy between the experimental cross sections of Cooke 
et al [4] and Bluhme et al [3]. Our current theoretical results, obtained by 
employing the CCA and TSS models, showed similar values for the ionization cross 
section as the data of Cooke et al [4], but the theoretical peaks were shifted 
relative to the experimental peak to higher impact energies. The best agreement 
between theory and experiment was obtained in the case of model ES and the 
experimental data of Bluhme et al [3]. 
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HOW SHORT IS A SEMI-INFINITE LADDER? AN EXPERIMENTAL 
APPROACH 

 
 

L. CSILLAG1, A. TUNYAGI1, ZS. LÁZÁR1 and A. SIMON1* 
 
 

ABSTRACT. This paper presents the challenging problem of solving of a semi-
infinite resistive ladder and highlights some traps and tricks of the subject. The 
topic is approached from and experimental point of view by solving it using 
computation, simulation and measurements. All the work was done with the hope 
that it can be an aid for Physics or Electrical Engineering teachers, students eager 
to learn and understand more, and to be usefully incorporated into the educational 
process of talented pupils and students. 
 
Keywords: semi-infinite resistive ladder, equivalent resistance, experimental approach, 
analytical solution 

 
 
 
 
INTRODUCTION 

 
Electrical circuits and networks are important components of high-school, 

college and university teaching curricula. At high-school level, the teaching process 
is based only on Ohm’s and Kirchhoff’s laws with simple calculus, but later, at 
undergraduate level, this knowledge is being completed by several new laws and 
network theorems (Thevenin, Norton, Millman, etc.) and some advanced Mathematics. 

At introductory levels of teaching it is customary to illustrate the above-
mentioned laws and theorems with the general problem of calculating the equivalent 
resistance (or impedance) of some, good looking, not very complicated series, 
parallel or mixed arrangements and combinations of elements. More complicated 
arrangements (cube, hexagon, flower, ladder, square grid, toroid, polyhedron, fractals, 
etc.) of a larger number of elements, or even an infinity of them, have several solving 
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traps or tricks, but leading towards some elegant solutions [1-21]. Moreover, the 
experimental approach to this problem is rather neglected in the scientific literature 
[4, 5, 22, 23]. 

Including infinity in those networks, at least at the first sight, tends to 
complicate the solving of the problem, and making that type of problem being an 
excellent example and support of the general idea that only classical, fundamental 
knowledge is not sufficient to cope with such problems, open mindedness and both 
flexibility and creativity in thinking is necessary.  

The problem of infinite resistance (or equivalent) is a very interesting and 
challenging topic from both scientific and pedagogic point of view. The scientific or 
practical applications may include transmission lines and networks, filters, digital to 
analog conversion, geophysical prospection, automatized error testing etc. The 
theoretical and pedagogical aspects are dealing with some important topics of 
Physics, Mathematics or Electrical Engineering teaching such as random walk, 
discrete variable Fourier transforms, lattice Green’s function, golden ratio, 
Fibonacci sequence, computer-based simulation and programming, etc.  

University students could land in difficulty when try to solve an infinite 
network. In fact, this later ascertainment, made on own students, was the starting 
point of this paper: a short (15 minute) test was given to 2nd year Physics students 
at the end of a complete, one semester long Electricity and Magnetism Course, the 
task was to find the equivalent resistance of an infinite resistive ladder. The results 
of the test are supporting the general idea that only classical, fundamental knowledge is 
not sufficient to cope with such problems, open mindedness and both flexibility and 
creativity in thinking is necessary: 14.8 % of the students approached the problem 
via network theorems, but getting into an impasse after analyzing the first two 
loops, 40.7 % of them approached the problem via mathematical induction, from 
one unit towards the nth one, but getting into a dead end after analyzing just two 
loops, 26 % have written the expressions of series and parallel resistances completely 
wrong after the first loop, finding out no solution for the network and finally 18.5 % 
of them solved the problem correctly, but all of them were former participants to 
Physics problem solving contest during high-school. 

As we stated before, the study of infinite networks goes beyond fundamental 
knowledge, requiring creative and flexible thinking. This paper is trying to deal with 
the teaching challenges of a semi-infinite resistive ladder and approaching to it from 
both analytical and experimental point of views. We have tried to solve it using 
computation, simulation and measurements, in all cases highlighting the traps and 
tricks of the subject, emphasizing on how the analytical and experimental approaches, 
together with simulation sustain and complete each other. All the work was done 
with the hope that it can be usefully incorporated into the educational process of 
talented pupils and students.  
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THE ANALYTICAL APPROACH TO THE RESISTIVE LADDER 
A. THE GENERAL CASE (𝑹𝟏 ് 𝑹𝟐) 

 
The ladder circuit, or attenuation chain, is a simpler particular case of the 

two-dimensional infinite network of resistors. It is semi-infinite because it has a pair 
of starting connection point (A and B) and extends towards infinity only in one 
direction. It is built by successive adding of units of loops of series connected 
resistors 𝑅ଵ and 𝑅ଶ, the next unit being always connected in parallel with resistor 𝑅ଶ from the previous unit (Fig. 1). The eternal question is to find the equivalent 
resistance 𝑅ሺሻ of such a ladder [24, 25] 
 

 
 

Fig. 1 Semi-infinite resistive ladder 
 

Usually, the problems involving infinity may intimidate solvers and classical 
approaches may not work, but in the same time, such a problem will be very useful 
as an educational tool towards developing a scientific open mindedness, flexibility 
and creativity in thinking.  

Finding out the equivalent resistance of such an infinite circuit is a well-
known classical problem, with an elegant solution and several, both theoretical or 
experimental solving approaches, but the nodal voltages, branch currents, 
attenuation for the same type of network are less more discussed in the literature. 

In spite of the infinite number of resistors the series connected resistors 
tend to increase, the parallel connected ones tend to decrease the equivalent 
resistance. Therefore, the expected equivalent resistance will not be infinite due to 
the mutual compensation of the effects induced by both 𝑅ଵ and 𝑅ଶ, and the nodal 
voltages and branch currents are expected to be almost zero at far end of the ladder.  

In the case of infinities, the solver is tempted to try mathematical induction: 
start with two repeating blocks, calculate the equivalent resistance, then increase 
the number of blocks by one, calculate again, and so on … until some recursive 
formula is found, but it is a hard work with persistence and extra attention being 
crucial during deduction. And the result is not very foreseeable.  
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As it was also highlighted by Kagan and Wang [26], here comes the first trap 
of the solving: when increasing the number of repeating blocks, the new pair of 𝑅ଵ 
and 𝑅ଶ could be added to the left or to the right from the existing circuit. Adding to 
the right has an experimental, circuit building technique type of logic, and contrarily, 
the adding to the left has apparently no justification, being the only alternative to 
the right side of the ladder. This latter approach may be supported also by the logical 
thinking that suggests to extend the finite end of the ladder (from points 𝐴 and 𝐵 
to the left, Fig.1) and not the far-right end, already being at infinity. 

Anyway, the trick of solving a semi-infinite ladder is simple and elegant, 
having nothing related to Physics or Electrical Engineering, but only to logical 
thinking: if the ladder is semi-infinite, already containing an infinity of resistor pairs, 
its equivalent resistance is not depending on the number of pair units (𝑛) and will 
not be changed by adding one more unit (or even cutting down one, if the ladder 
already existed): 
 𝑅ሺାଵሻ ൌ 𝑅ሺሻ ൌ 𝑅ሺିଵሻ ൌ 𝑅ሺஶሻ (1) 
 

How to get out from the trap of the “ladder end”? Kagan and Wang [26] 
suggest that adding one more unit to the right of the existing circuit would violate 
the assumption that in the rightmost unit 𝑅ଵ and 𝑅ଶ are in series. This assumption 
needs some correcting amendments: (i) by adding the new pair of 𝑅ଵ and 𝑅ଶ to the 
right of the ladder already containing 𝑛 units, we increase this number to 𝑛  1, 
and face a parallel connection between the the 𝑛th 𝑅ଶ and the new unit (𝑅ଵ, 𝑅ଶ), 
but in the new last unit (the 𝑛  1th one) 𝑅ଵ and 𝑅ଶ will still be in series (see Fig.2), 
(ii) when adding a new unit from the right of the ladder, the connection is not made 
between reference points 𝐴 and 𝐵, representing the desired equivalent resistance 
given by Eq.1, but between points 𝐵 and 𝐶 (see Fig. 2) and the presumption of not 
changing the equivalent resistance 𝑅ሺஶሻ will not stand anymore! 
 

 
 

Fig. 2 Adding an extra unit to the right of the ladder 
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Let’s analyze now the finite end of the ladder. By adding the new pair of 𝑅ଵ 
and 𝑅ଶ to the left of the ladder already containing 𝑛 units we will also increase this 
number to 𝑛  1, and have to deal with a parallel connection between 𝑅ଶ and the 
initial ladder, all being in series connection to 𝑅ଵ. Thus, the equivalent resistance in 
this case will be (see Fig. 3, Eq.1 and Eq.2): 
 

    

𝑅ሺାଵሻ ൌ 𝑅ଵ  𝑅ଶ ∙ 𝑅ሺሻ𝑅ଶ𝑅ሺሻ ൌ 𝑅ሺሻ (2) 

Fig. 3 Adding an extra unit to the left of the ladder  
 

If somebody will approach the semi-infinite ladder equivalent resistance by 
computer coding, the above listed equation will be useful for recursion.  

When trying to solve Eq.2 for 𝑅ሺሻ , one can find: 
 ቀ𝑅ሺሻቁଶ − 𝑅ଵ ∙ 𝑅ሺሻ − 𝑅ଵ ∙ 𝑅ଶ ൌ 0 (3)
with 𝑅ሺୀஶሻ ൌ 𝑅ଵ2 ∙ 1 ඨ1  4 ∙ ൬𝑅ଶ𝑅ଵ൰  (4)

 
being the only positive root. This relationship is not depending on 𝑛, being a finite 
value determined only by the values of 𝑅ଵ and 𝑅ଶ, and represent the correct 
solution to the problem of the equivalent resistance of a semi-infinite ladder. 

The nodal voltages (𝑈) and branch currents (𝐼௦, 𝐼) are illustrated in Fig. 4: 

 
Fig. 4 Branch currents and nodal voltages along the ladder 
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By definition, the intensity of the currents in the series and parallel 
branches will be given by: 
 𝐼௦ = 𝑈ିଵ − 𝑈𝑅ଵ  (5)𝐼 = 𝑈𝑅ଶ  (6)

 
To find out an analytical expression for the nodal voltage 𝑈 as function of 

both node position (𝑘) and voltage existing at the previous node 𝑈ିଵ or the input 
voltage 𝑈 is very laborious and will lead towards some very complicated looking 
polynomial ratios. The same is the situation if derive the transfer function 𝐴, 
representing the ratio between the voltage measured at the last node 𝑛 and the 
input voltage 𝑈. 
 
 
B. The particular case (𝑹𝟏 = 𝑹𝟐 = 𝑹) 

 
One of the most popular and mathematically beautiful particular case of 

the infinite or semi-infinite ladder is found when both resistors are equal in value 
because all the electrical characteristics of the ladder will be expressed by means of 
the Fibonacci numbers (𝐹) or the golden ratio (𝜑 = 1.6180339887) [27-29]: 
 𝐹 = ൝ 0 ,𝑛 = 0                     1 ,𝑛 = 1                      𝐹ିଵ + 𝐹ିଶ ,𝑛 ≥ 2 with lim→ஶ𝐹ାଵ𝐹 = 𝜑 

 
In this case, the previously mentioned electrical parameters for the semi-

infinite ladder, as function of the number of the (𝑅ଵ, 𝑅ଶ) units, will become [30, 31]: 
 𝑅ሺሻ = 𝑅 ∙ 𝐹ଶାଵ𝐹  (7)

𝑈 = 𝐹ଶሺିሻାଵ𝐹ଶାଵ 𝑈 = 𝐹ଶሺିሻାଵ𝐹ଶሺିሻାଷ 𝑈ିଵ (8)

𝐼௦ = 𝐹ଶሺିሻାଶ ∙ 𝐼௦ (5’)
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𝐼 = 𝐹ଶሺିሻାଵ ∙ 𝐼 (6’)

𝐴 = 𝑈𝑈 = 1𝐹ଶାଵ (9)

 
C. A real case (𝟏 𝒌, ± 1 % tolerance resistors) 

 
None the less, the results presented above are all “good looking” and 

leading towards predictable parameters, no one is tempted to move towards ladder 
design and experiment. Why? Because any experimental attempt regarding infinite 
or semi-infinite ladders seems to be overshadowed by two obstacles: (i) no one can 
build an infinite or semi-infinite circuit, even if uses tens of thousands or billions of 
resistors , (ii) cannot find resistors with exactly the same value except for those with 
very high precision (they are very expensive, a resistor with ± 0.1 % tolerance being 
significantly more expensive than one with a 1 % tolerance).  

As a good compromise (acceptable tolerance for low price), let us consider, 
for simplicity in calculus, too … a batch of 1 kΩ, 0.5 W, 1 % tolerance resistors.  

The worst-case scenario for design is when all resistors have resistances 
larger (or smaller) with exactly 1 %. If we consider the equivalent resistance of the 
semi-infinite ladder, given by Eq.4, to be function of 𝑅ଵ and 𝑅ଶ, the uncertainty in 𝑅(ୀஶ), denoted ∆𝑅(), will be according to [32]: 
 

∆𝑅() = ඩ൭𝜕𝑅()𝜕𝑅ଵ ൱ଶ ∙ ∆𝑅ଵଶ + ൭𝜕𝑅()𝜕𝑅ଶ ൱ଶ ∙ ∆𝑅ଶଶ (10) 

where 𝜕𝑅()𝜕𝑅ଵ = 12 ∙ ට1 + 4 ∙ ቀ𝑅ଶ𝑅ଵቁ + 12 + ቀ𝑅ଶ𝑅ଵቁට1 + 4 ∙ ቀ𝑅ଶ𝑅ଵቁ  (11) 

𝜕𝑅()𝜕𝑅ଶ = 1ට1 + 4 ∙ ቀ𝑅ଶ𝑅ଵቁ  (12) 

 
In the above listed relations  𝑅ଵ = 𝑅ଶ  = 1 kΩ, ∆𝑅ଵ = ∆𝑅ଶ =0.01 kΩ. 
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Thus, the maximum uncertainty for the equivalent resistance in our case 
might be ± 0.011717 kΩ (11.717 Ω), meaning that any equivalent resistance value 
in the interval 713.6061  Ω and 1629.751 Ω, around the value given by the golden 
ratio (1618.034 Ω) , is acceptable. 

What happens in a more realistic scenario, where the individual values of 
the resistors from the batch are spread around the value of 1 kΩ, but in the limit of 
the 1 % tolerance? We can estimate the level of uncertainty in the limiting net 
equivalent resistance, and obviously expect a narrower interval than that from the 
worst-case scenario. 

If we have for the (𝑅ଵ, 𝑅ଶ) units the mean values denoted 〈𝑅ଵ〉 and 〈𝑅ଶ〉 
respectively, with small standard deviations 𝜎ଵ and 𝜎ଶ, the uncertainty for the 
equivalent resistance will be given by 

 𝜎 = ඨ𝜎ଵଶ + 𝛼ଶ ∙ 𝜎ଶଶ1 − 𝛽ଶ  (13)

𝛼 = ቆ 𝑅ଶ𝑅 + 𝑅ଶቇଶ (14)

𝛽 = ቆ 𝑅𝑅 + 𝑅ଶቇଶ (15)

 
This uncertainty will be calculated later in this paper, when discussing the 

experimental approach to the ladder, using real, commercially available resistors. 
 
 

THE EXPERIMENTAL APPROACH TO THE RESISTIVE LADDER 
 
In our opinion, it is not necessary to buy a tremendously large number of 

very good tolerance value resistors in order to construct and study an almost semi-
infinite ladder, because as explained previously, the semi-infinite ladder has a finite 
equivalent resistance, and therefore, a not so large number of (𝑅ଵ, 𝑅ଶ) units has to 
exist from where the equivalent resistance will converge, with an acceptable 
accuracy, to its value at infinity.  

Coding is an excellent tool in order to find out such a value and has no 
difficulties with very large number of ladder units. We have developed a very simple 
Python code [33, 34] to find out the number of units (𝑘) for which the equivalent 
resistance is still larger or equal to the golden ratio [29]. The recursive formula for 
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coding the equivalent resistance was adapted from Eq. 3, and a number of 10,000 
units were initially targeted. 

As one can see, surprisingly the condition for the equivalent resistance 
being larger or equal to the golden ratio is valid only for up to 15 units and the 
relative error becomes only 0.0626 % starting from the 4th unit. Thus, a semi-
infinite ladder formed by identical resistors seems to be very short, nor longer than 
15 units! Anyway, if trying to construct experimentally the ladder and make some 
experimental measurements, it would be useful and wise to consider a little bit 
larger number of units (20 in our case).  

Although, according to the analytical and electric network analysis 
approach, the adding of a unit to the right end of the ladder is not correct and will 
not lead to the right solution. In our opinion, such an approach makes sense from 
experimental point of view: when building up a circuit, you start from the 
connection points (A and B, Fig.1), and add new units.  

We have started to test our hypothesis using a digital multimeter (DMM) 
[35], a soldering breadboard [36] and 40 resistors (1 kΩ, 0.5 W, 1 %) [37]. The 
soldering type breadboard was preferred in order to avoid disturbing influences due 
to less perfect contacts. The randomly chosen pairs of 𝑅ଵ and 𝑅ଶ resistors were each 
measured and then successively mounted and soldered on the breadboard (Fig. 5). 
The equivalent resistance 𝑅() was permanently monitored with the DMM. 
 
 

 
 

Fig. 5 A 20 units long resistive ladder on a soldering breadboard  
(numbered points are measurement nodes; continuous line is the ground) 

 
 

In order to have a sort of benchmark, a SPICE-based analog simulation 
program was used [38]. The results are depicted in Fig. 6.  
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Fig. 6 Equivalent resistance of the ladder: experiment vs. theory  
 
 
As one can see, and as it was expected, the convergence of the 

experimentally measured equivalent resistance is observed starting from the 
4th unit (like in the case of coding), the relative error being around 0.48 % and 
the equivalent resistance being well inside the worst-case scenario interval (dashed 
lines), therefore our first hypothesis was confirmed. There is a good agreement 
between data, the measured equivalent resistances being smaller than the 
computed/simulated ones because the exact, real values of the purchased 
resistances used in our experiment were all less than 1 kΩ: 〈𝑅ଵ〉 = 0.99488 kΩ, 𝜎ଵ = 0.000891 kΩ, 〈𝑅ଶ〉 =0.99588 kΩ, 𝜎ଶ = 0.001298 kΩ and 𝜎 = 0.001031 kΩ 
which is significantly less than the 0.011717 kΩ for the worst-case scenario. 

Fig. 7 depicts the influence of the adding (or removing) order on the 
equivalent resistance. Firstly, the units were added to the right end, then they were 
removed from the right end. Finally, the 20-unit ladder was constructed again from 
the beginning and then the units were removed from the left end towards the 
20th unit. 

Fig. 7 validate and strengthen our second hypothesis regarding equivalent 
resistance: from experimental point of view it does not matter if you add or remove, 
from the so called “finite” or “infinite” end, the equivalent resistance will have the 
same dependence on the number of units and there is an excellent agreement 
between the different approaches. 
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Fig. 7 Equivalent resistance evolution  

 
Starting from the 14th unit the DMM used for measurements is not capable 

to reveal any changes in the value of the equivalent resistance, therefore 
experiment (more precisely the experimental apparatus accuracy) might “shorten” 
the ladder, probably to 14 units in our case. 

According to the literature [4] an exponential decrease is expected for the 
currents in successive loops. In order to study this dependence, a programable DC 
power supply was used [39] to provide a steady 10 V input voltage (𝑈), the nodal 
voltages being measured with the above mentioned DMM and the currents were 
calculated using the previously mentioned formulas (Eq.5 and 6). The voltage of 
each node and the branch currents are presented in Fig. 8, Fig. 9 and Fig. 10, 
respectively, the inserts representing the same plots, but on log-normal scale. 
 

 
Fig. 8 Voltages measured in each node 
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Fig. 9 Current intensity in series branches 

 
 

 
Fig. 10 Current intensity in parallel branches 

 
 

As it was suspected by Denardo et al [4], voltage and currents present 
exponential decrease. Starting from node 14 the voltages are constant because the 
measurement precision of the DMM is exceeded and therefore are not reliable and 
appropriate for any scientific conclusions. 
 For the first 14 nodes, the evolution of the nodal voltages as function of the 
number of the (𝑅ଵ, 𝑅ଶ) units is presented in Fig. 11, meanwhile Fig. 12 depicts the 
evolution of the relative error (as compared to theoretical value). 
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Fig. 11 Evolution of the nodal voltages as function of the number of units 

 
 

 
Fig. 12 Evolution of the relative error as function of the number of units 

 
 

As one can observe on Fig. 12, the relative error become significant (≥ 5%) 
starting from node 12 and unacceptable from here onwards. The branch currents 
deduced from the nodal voltages, for the first 12 nodes are presented in Fig. 13 (a) 
and (b). 
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(a) 
 

(b) 
 

Fig. 13 Evolution of series (a) and parallel (b) branch currents 
 as function of the number of units 

 
 
 

As demonstrated above, in both resistance or voltage measurements the 
experimental apparatus accuracy will “shorten” the ladder, down to 12 units in our 
case. 
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CONCLUSION 
 
A semi-infinite resistive ladder was approached form both analytical and 

experimental (coding, simulation, measurements) point of views. It was demonstrated 
that in order to study the behavior of a such ladder it is not necessary to use a very 
large number of resistors: coding proved that the system tends to converge rapidly 
(only after about 15 units) towards a constant, finite value. This length of the ladder 
might be shortened by the accuracy of the experimental apparatus (digital 
multimeter) and experimental error. The results presented in this paper proved that 
from experimental measurement point of approach is doesn’t matter which end of 
the ladder will be extended, the same steady, finite value will be reached. 
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ON FLEXURAL PHONONS IN GRAPHENE.  
THERMAL CONDUCTIVITY AND SPECIFIC HEAT 

 
 

I. GROSU1* and M. CRISAN1 
 
 

ABSTRACT. We analyzed the phonon spectrum of graphene. The flexural phonon 
contribution on thermal properties of graphene is discussed. The thermal 
conductivity has been calculated using the Boltzmann equation in the relaxation 
time approximation. The temperature dependence of the thermal conductivity and 
of the phonon specific heat has been calculated in the low temperatures domain. 
 
Keywords: Graphene, Flexural phonons, Thermal conductivity, Specific heat 
 
 
 
Phonons play a fundamental role in the physics and the characterization of 

graphene and carbon nanotubes. Phenomena as charge, spin, and heat transport, 
infrared and Raman spectra, electron-phonon scattering, and related effects as 
electric conduction can be understand, in most situations, by phononic spectrum. 
The simplest calculation of phononic spectra is based on the continuum elastic 
theory based on the known isotropy of the honeycomb lattice. Many experimental 
data as thermal conductance and specific heat have been explained using models 
of the harmonic theory for the lattice dynamics. In two dimensional (2D) systems 
the lattice long range order is destroyed by the thermal fluctuations, known as the 
Mermin-Wagner theorem [1-5], reconsidered for flexural phonons [6]. If the dynamics 
of lattice is treated in the harmonic approximation the concept of “phonon” is 
introduced and used to describe the thermal properties [7]. Although the exact 
dispersion law of the acoustic modes is apparently irrelevant in the quantified thermal 
conductance [8], the quadratic dispersion of the flexural modes is important in 
describing the low-temperature specific heat [9]. Most of the results [10-12] cover 
a wide temperature interval and provide approximative estimation of the power 
low of the T-dependence, but only few works [9, 13] extended the temperature 
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range down to 0.1 K and provide a more precise analysis and proposed 𝐶(𝑇) ∼ 𝑇1/2. 
The out-of-plane distortions, called flexural phonons, are important for the theory 
of transport in graphene because of the anharmonicity effect [14, 15]. The 
anharmonic coupling of flexural phonons to the in-plane modes give the stable 2D 
graphene to rippling. An important effect of anharmonicity is the enhancement of 
dispersion relation of the long- wavelength flexural modes. The effect of anharmonicity 
has been considered by Mariani and von Oppen [17] using an effective energy 
functional including corrections to the harmonic potential that are lowest order in 
the wave vector, which then couple to flexural modes. Using the Renormaliztion 
Group (RNG) method they calculated the energy of the flexural modes on the 
continuum model. The main result is the modification of the dispersion dependence 
from 𝜔~𝑞2 at low temperatures, to 𝜔~𝑞3/2  at high temperatures. In this paper we 
concentrate on the contribution of the flexural phonon on the thermal properties 
of graphene. 

The mechanical distortions of graphene are described by the vector u(r) by 
the scalar h(r) associated with in-plane and flexural (out-of-plane) deformations, 
respectively. The physics of mechanical distortions is captured in the elastic Lagrangian 
density. In the harmonic approximation the Lagrangian yields two in-plane phonons 
modes, longitudinal (l), transverse (t) and one flexural branch (f) with dispersions 
 

                                             
 

and group velocities νl = [(2μ+ λ)/ρ] 1/2 νt = [μ/ρ]1/2. The flexural branch has a 
quadratic dispersion in the absence of external strain and introduce a new vector 
scale qs = [ γ/κ ]1/2 discriminating a strain-induced linear dispersion 
 

            (4) 
 

where γ= 2u(μ+ λ)/ρ,  u being the strain, for q ≪ qs
 , and 

 
            (5) 

 

for q ≫ qs. In the absence of strain: νl ≃ 21 km/ s, and v t ≃ 14 km/ s. There is no 
agreement for v f but near the Brillouin zone boundary: v f ≃ 8 km/s. The flexural 
phonons dominate the phonon contribution in resistivity [17], and the divergence 
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in scattering rate is logarithmical if the quadratic dispersion of flexural phonons is 
considered. This divergence is cut off by coupling between bending and stretching 
degrees of freedom contained in the Lagrangian. At finite temperature, this coupling 
reorganize the bending rigidity including a stiffening of the flexural dispersion at 
long wavelength. The energy of flexural phonons ωf(q) is modified by this interaction 
and in lowest order is 
 

   (6) 
 

In the high-temperature limit, the self-energy Σ(ωf (q)) has been calculated by 
Amorim et al. [16] as 
 

     (7) 
 

where C depends on μ and λ. The energy can be approximated in terms of 
temperature momentum scale   as 
 

     (8) 
 

where . This expression can be approximated as: 
 

ωF (q)≃α0 q2      (9) 

for q > qc , and: 
 

  ωF (q)≃α0 qc q      (10) 
 

for q < qc. Mariani and von Oppen [17] studied the effect of anharmonicity on the 
flexural modes starting with the energy of nearly flat graphene, including lowest 
order corrections to the harmonic potential which couple the flexural modes to the 
in-plane modes. Following the RNG strategy they intergraded out the in-plane modes 
leaving an effective temperature-dependent interaction among the flexural modes. 
In the one-loop approximation the energy of flexural modes was calculated as 
 

  ωF (q)= αr (T , q) q2     (11) 
where 

     (12) 
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 dependent. These results show that ωF (q)∼q2 at low temperatures, 
while ωF

 (q)∼q3/2 at high temperatures, which is different to the linear dependence 
given by Eq.(10). This difference is given by the simple correction to the flexural 
energy ωF

 (q) given by the self- energy term. We mention that the quadratic 
dispersion is important because it gives a constant density of states for phonons, 
but the linear dependence lead to a linear energy dependent density of states. The 
q3/2 dispersion has been proposed in a phenomenological model by Jacimovski  
et al. [18] for calculation of the thermal conductivity of graphene. This dispersion is 
supposed to be more realistic than the q-dependence in the temperature interval 
15K- 400K, and it is agrement with experimental data. 

The phonon thermal conductivity is determined from Boltzmann transport 
equation as 
 

  (13) 
 

where , h – the thickness of graphene, and IF  is the phonon 

scattering rate, which is given by different contributions. Klements and Pedraza [19] 
developed a model for the scattering rate considering the intrinsic phonon-phonon 
scattering, taking for the three-phonon scattering processes rate 
 

                  (14) 
 

where γs
 , M and ωD

 are the Gruneisen parameter, the mass of an atom, and the 
maximum frequency of the acustic mode in the Debye approximation respectively. 
v represent the average phonon velocity. Nika et al. [20] calculated the scattering 
rate considering three-phonon scattering that satisfy momentum and energy 
conservation. Linsday et al. [21] considered the three-phonon scattering processes 
involving the flexural modes with an even number of phonons, neglecting the four-
scattering processes, considered by De Martino et al. [22], and Feng and Ruan [23]. 
The recent analysis from [23] suggested that four-scattering processes, quadratically 
dependent with temperature, are more important than the three-scattering processes. 
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In order to calculate the contribution of the flexural phonons to the 
thermal conductivity we use ωF

 (q)= α0 q2 
 
valid in the low temperature case. To 

calculate the temperature dependence of the thermal conductivity we consider 
the scattering time as: (see also, Lindsay et al. [21]), and using  ℏωF

 = x kB
 T, Eq.(13) becomes 

 

    (15) 
 

where Θm = ℏωm /kB. The integral from Eq.(15) can be analytically performed and 
we get 
 

  (16) 
 

which can be approximated as 
 

    (17) 
 

The contribution to specific heat of the phonons is given by: 
 

  (18) 
 

The specific heat temperature dependence is sensitive to characteristics of 
the phonon spectrum and on its density of states [24, 25]. In the case of low 
temperatures we use the energy of the flexural phonons given by , 
which gives the density of states: . In this case the specific heat is 
calculated from Eq.(18) as: 
 

     (19) 
 

We presented an analytical theory of the flexural phonon contribution on 
thermal properties of graphene. The continuum elasticity approach giving the 
flexural modes with dispersion ωF (q)∼q2 has been discussed, using the renormalization 
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group method [17], to include the anharmonicity of the dispersion relation in the 
long-wavelength flexural modes. The q-dependence of the dispersion ω(q) has a 
temperature dependence, at low temperatures as ω(q)∼q2 and at high 
temperatures as ω(q)∼q3/ 2

 
. The thermal conductivity has been calculated using 

the Boltzmann equation along with the relaxation time approximation. The 
linear ( ) and quadratic temperature dependence ( ) in relaxation time, 
given by three-phonon and four-phonon processes have been considered. The 
temperature dependence of the thermal conductivity K(T) is affected by the 
dispersion ω(q) and the scattering rate IF. The temperature dependence of 
dispersion appears due to the anharmonicity effect considered in Ref.[22], but the 
temperature dependence of scattering rate was introduced phenomenologically 
[21], or estimated theoretically considering the phonon-interaction[22,23]. Using 
the RNG results we obtained   in the low temperatures limit, 
where   for three, respectively four phonon processes. At low temperatures 
the phonon specific heat scales as Cp∼T d/2, for a phonon dispersion ω∼q2, in  
d-dimensions [9,26]. We obtained that the specific heat  Cp (T),  which is sensitive 
to dispersion, is linear in the low temperatures domain Cp (T) ∼ T . These results 
could be of interest in low dimensional graphene systems, and could be extended 
to other properties of graphene and graphene layers, such as the superconductivity 
of graphene layers at magic angle [27] (with associated properties [28-30]). 
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INSTALLATION FOR SHORT TIME HEAT TREATMENT  
AT HIGH TEMPERATURE 

R. HIRIAN1* 

ABSTRACT. The design of a simple installation for short time annealing of 
nanomaterials at high temperature is presented. The installation is capable of 
heating rates of over 20 °C/s and cooling rates of up to 80 °C/s with a maximum 
attainable temperature of 1050 °C. 

Keywords: short time annealing, temperature measurement, controlled atmosphere, 
high heating rate 

INTRODUCTION 

Many scientific efforts today focus on nanomaterials and nanostructured 
materials [1-3]. Some of these materials need to be annealed in order to tune their 
structure and/or microstructure; however annealing processes must be short in 
order to maintain the desired length scales [4-6]. Therefore it is essential to reach 
the annealing temperature as fast as possible and then quench the samples as fast 
as possible. To this end we have constructed an installation capable of heating rates 
of up to 20 °C per second and cooling rates of over 80 °C per second. Therefore a 
sample can be heated to 950 °C and brought back to room temperature in 65 s. 

EXPERIMENTAL 

The annealing instalation consists of a furnace, quartz tube, vacuum and 
gas system and temperture sensor. 

1* Faculty of Physics, Babeş-Bolyai University, Cluj-Napoca, RO-400084 Romania, 
Hirian.Razvan@ubbonline.ubbcluj.ro 
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The furnace is a small carbolite tube furnace with a maximum temperature 
of 1200 °C. The homogenious heating area of the furnace is 5 cm. 

The quartz tube is used as the sample chamber, as quartz has great thermal 
shock resistance and can withstand high vacuum. For our specific tubes, the vitrous 
transistion was found to be at aproximately  1100 °C, therefore heating was limited 
to 1050 °C in our case to avoid melting the tube. 

The vacuum system consists of a Pfeifer turbo pumping station isolated 
which can be isolated with a gate valve. The gas system is also isolated from the 
tube system by a valve, therfore we can easly switch between gas and vacuum. The 
gas system has a purge chamber, equipped with an oxigen sensor, so that the gas 
can be run trough it until the O2 concentration falls below 2 ppm. The O2 sensor 
also monitors oxigen levels during annealing. 

 

 
Fig. 1 Schematic Representation of Annealing Installation 

 
For the temperature measurement, an S-type thermocouple has been 

passed trough a air tight meatal plate (sealed with epoxy) and afixed to the sample 
holder (a thin tantalum cilinder). As S-type thermocouples give a low voltage signal, 
the output is amplified by a simple instrumentation amplifier using the LM358N 
operational amplifier chip. The amplified signal is then read by an Arduino Uno [7] 
microcontroller board and transmited to a Raspberry Py 2 [8]. In order to reduce 
most of the electronic noise, an averege is taken every 100 measurements. As the 
arduino chip does not have a timekeeping function, after setting up the measurement 
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loop we let it measure for an hour and calculated the time per cycle in order to 
determine the time in seconds. The computer software (writen in Python [9]) takes 
the output from the arduino and converts it intro physical values which it writes to 
a data file. The accuracy of the temperature measurement is limited to ±2 C. Real 
time data monitoring is done with Gnuplot [10]. 

The instalation functions by inserting the prepared quartz tube into the pre-
heated furnace. 
 
 
RESULTS AND DISCUSSION 

 
The performance of the setup was tested in high vacuum (10-5 mbar), high 

purity He and high purity Ar atmosphere. Heating and cooling rates are shown in 
Fig 2. 

Of course, the heating and cooling rates are slow in high vacuum, even 
when the quartz tube is immersed in cold water Fig. 2a, 2b and 2c. The introduction 
of Ar gas significantly improes the heating and cooling speed, however the rates are 
not linear. Switching to He gas does little to improve the heating rate, however 
quenching is much faster in this configuration. The lack of a significant benefit when 
using He while heating is very likely due to the large mass and thermal inertia of the 
quartz tube, which is less of a factor when it is plunged in cold water. Preheating 
the tube as well, and inserting the samples with a thin manipulator rod might 
improve preformance signiicantly. 

 

a) b) 
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c) d) 

Fig. 2 Example heating and cooling curves with the furnace pre heated to  
a) 800, b) 900 and c) 1000 °C and an example heating and holding curve d) 
 
 
We should also note the shape of the heating curves, it is only natural that 

our heating rates go down as we approach the set temperature of the furnace, 
therefore we see a much steeper curve at low temperature when compared to high 
temperature, still we can achive averege heating rates of about 20 °C/s up to 900 
°C, which is not insignificant. The setup is capable of reaching 950 °C in 65 s, 900 °C 
in 50 s, 800 °C in 38 s and 700 °C in 27 s etc. Fig. 2c. The cooling speed is 
aproximately 80 °C / s when using He as the heat transfer gas.  

Some ramp and hold annealings can also be performed, Fig. 2d, by changing 
the sample position inside the furnace. However this procedure induces a 
temperature gradient of about 5 °C, and is very hard to execute as swift and precise 
movements of the furnace are required. 

 
 

CONCLUSSIONS 
 
 A rapid annealing instalation capable of averege heating and cooling rates 
of 20 °C/s and 80 °C/s respectively, was constructed. The setup can run under high 
vacuun, purified Ar or He gas atmosphere and the oxigen concentration (when gas 
is used) can be monitored during the annealing process. 
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 Future modificantions which could improve heating rates could consist of: 
(i) a thin manipulator arm for inserting the sample at high temperature, (ii) replacing 
the quartz tube with one with a higher melting point so that the furnace set 
temperature can be increased, (iii) lowering the He pressure to improve heat transfer 
from the tube to the samples and therfore increase the cooling rates. 
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LOW-COST, LOAD CELL AND MICROCONTROLLER  
BASED BENDING STIFFNESS TESTER 

Z. KAPUSI1, A. TUNYAGI2 and A. SIMON2*

ABSTRACT. Paper and paperboard have many applications, from writing, printing 
and householding to packaging. Bending stiffness is probably the most important 
mechanical property of paper and paperboard, it provides rigidity in some industrial 
processes like printing or folding. The present work describes the design and 
implementation of a low-cost bending stiffness tester proposed as a graduation 
project for Engineering Physics students. The performances of the device were 
successfully tested on both certified and real-life paper products. 

Keywords: bending stiffness, paper products, strain gauge, load cell, stiffness tester 

INTRODUCTION 

Bending stiffness is very important for the paperboard-based packaging 
industry, therefore various methods and devices were proposed to measure such a 
characteristic. The topic is a complex one, from both theoretical and experimental 
point of views and giving an excellent inter- and multidisciplinary subject for 
Engineering Physics undergraduate students.  

This work describes the implementation of a low-cost bending stiffness 
tester proposed as a graduation project for Engineering Physics specialization, at 
Babeș-Bolyai University, Faculty of Physics [1]. The paper is organized as follows: in 
the first section the general properties of paper and paperboard are briefly presented, 
with emphasis on stiffness and measuring principles, the design, implementation 
and calibration processes are described in the subsequent sections and finally, the 
measurement results made on some commercially available paperboard-based 
food packages are also presented. 

1 Undergraduate student, Engineering Physics 
2 Babeș-Bolyai University, Faculty of Physics, M. Kogălniceanu 1, 400084 Cluj-Napoca, Romania 
* Corresponding author: alpar.simon@phys.ubbcluj.ro
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THE BENDING STIFFNESS OF PAPER PRODUCTS AND ITS MEASUREMENT 
 
Paper and paperboard have many applications, from writing, printing and 

householding to packaging. Paper is a relatively thin material (usually less than 0.3 mm) 
produced by filtration of a cellulose pulp (suspension) followed by pressing and drying, 
meanwhile paperboard is thicker (usually over 0.30 mm), has a more complex 
structural construction and consequently a better foldability and rigidity [2, 3]. 

Due to characteristics of the processing technologies and the fact that 
cellulose fibers are much longer than thick, the fibers become oriented more or less 
in the plane of the paper. Therefore, paper becomes a layered structure, but with 
a certain anisotropy. The preferred orientation of the cellulose fibers is called machine 
direction (MD) because it is determined by the hydrodynamic forces present in the 
papermaking process. The in-plane direction perpendicular to this preferred direction is 
called the cross machine (CD) direction, meanwhile the off plane perpendicular 
direction is called the thickness direction (ZD) [4]. 

The resistance of an object to a mechanical action is called stiffness. If this 
action tends to bend the object, we call the response bending stiffness. According to the 
most generally accepted methods of stiffness measurements, bending stiffness is 
the measure of the force which has to be applied in order to bend a piece of material 
through a given distance or angle. Bending stiffness is probably the most important 
mechanical property of paper and paperboard, it provides rigidity in some industrial 
processes like printing or folding. A certain level of bending stiffness of the paperboard 
is required in converting, packaging, transportation, storing and handling of paperboard-
made packaging products. The soft, less rigid paper products used in householding 
(tissues and towels) have low bending stiffness, a high stiffness is required for newspaper 
in order to avoid falling together or bending under its own weight. Paper-based food 
packages, boxes and sacks requires high stiffness to reduces the tendency of buckling 
when their content presses against walls.  

In paper industry, bending stiffness (Sb, measured in mN⋅m units) is defined 
as the moment of the resistance, per unit width that a paper or board present against 
bending within the limits of elastic deformation [4] or as the bending moment, per 
unit width of a rectangular test paper divided by the curvature [5]: 
 𝑆 = 𝐸𝐼𝑏  (1) 𝑆 = 𝑀𝑏𝑐 (2) 
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where E is the Young modulus of the paper, I is the second moment of area (moment of 
inertia) of the cross/sectioned area about an axis through the center of that area, 
perpendicular to the direction of bending, b is the width of the cross section area 
considered, M is the bending moment (force x its arm), c is the curvature (inverted 
value of the bending radius) 

There are several well proven techniques for measuring bending stiffness: 
namely resonance, two-point, three-point and four-point method. All these methods are 
well documented and described in literature [3-8] and there are several standardized, 
commercially available bending stiffness measuring devices [9-14]. All of them were 
designed for industrial use, consequently their market price is relatively high.  

The resonance method (Fig. 1a) is based on the determination of the length 
at which a paper strip will come into forced resonance. The strip of paper or paperboard 
is held vertically in a clamp vibrating at a fixed frequency. The free length of strip 
projecting above the clamp will undergo forced vibration.  This free length is adjusted for 
resonance condition (visually recognizable as maximum vibrational amplitude of 
the free end). The free length of the strip at which resonance occur, is measured. It 
is called resonance length and is related to bending stiffness (Sb, in mN⋅m) by the 
following relationship: 
 
 𝑆 = 3.19 ∙ 10ିଵଶ ∙ 𝑙ସ ∙ 𝑤 ∙ 𝑓 (3) 
 
 

where w is the grammage or paper density (in g/m2), f is the vibration frequency (in 
Hz) and l is the resonance length (in mm). 
 
 

 
(a) 

 
(b) 

 (c) 

 (d) 
 

Fig. 1 Bending stiffness determination by: (a) resonance method, (b) two-point method,  
(c) three-point method, (d) four-point method 



Z. KAPUSI, A. TUNYAGI, A. SIMON 
 
 

 
44 

The stiffness of lightweight or thin materials is measured by applying a 
force (F) to the free end of a fixed size piece of the material having length (l), which 
is clamped at the other end, and deflecting the free end through a fixed distance 
(d) or angle (θ). This is the two-point method (Fig.1b). For heavyweight or thick 
materials, the two-point method could cause crushing, even at low-bending angles, 
which results in anomalously low stiffness values. For these materials, the three-
point (Fig.1c) or the four-point (Fig.1d) methods are preferred. 

 
The bending stiffness (Sb, in mN⋅m) is given by the following relationships: 

 

two-point method: 𝑆 =  60𝐹𝑙ଶ 𝑏𝜃𝜋  (4) and 𝑆 =  𝐹𝑙ଷ 3𝑑𝑏 (5) 

three-point method: 𝑆 =  𝐹𝑙ଷ 48𝑑𝑏 (6)    

four-point method: 𝑆 =  𝐹𝑙ଵ 𝑙ଶଶ3𝑑𝑏  (7)    

 
where 𝐹 is the bending force (in N), 𝑙 is the test length or bending length (in mm), 𝑏 is the test width (in mm), 𝑑 is the deflection (in mm) and  is the angular 
deflection (in degrees), 𝑙ଵ (in mm) is the distance between the outer support and 
its nearer inner support and 𝑙ଶ (in mm) is the distance between the inner supports. 

Regardless of the applied technique, due to the anisotropic structure of the 
paper, bending stiffness has to be determined in both MD and CD directions. The 
MD stiffness value is always higher than the CD value. Stiffness ratio (i.e. MD 
stiffness/CD stiffness) is a very commonly used indicator of the anisotropy of the 
paper product (rarely, the geometric means stiffness, i.e. the square root of the 
product of the two stiffnesses is used). 
 
 
FORCE MEASUREMENT 

 
The values of the quantities used in the above-mentioned methods (angle, 

length, dimensions, deflection) are given by international standards and excepting 
the resonance method, all techniques require force measurement. 

A very convenient force measurement method uses strain gauges. A strain 
gauge (Fig. 2) is a passive transducer whose relative electrical resistance varies in 
proportion to the amount of strain in the device [15]. Usually, it consists of a very 
fine wire or metallic foil arranged in a grid pattern bonded on a thin supporting foil 
(carrier).  
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Fig. 2 Metallic strain gauge 
 

Although, the first investigations about the changes of resistance caused by 
the strain in wires were made in the 1850’s [16], the strain gauges were invented 
almost same time only in the late 1930’s and patented in mid-1940’s, the by E.E. 
Simmons [17] and A.C. Ruge [18]. Simmons was investigating the stress–strain 
behavior of metals under shock loads, while Ruge investigated the influence of 
earthquakes on mechanical structures. 

Strain gauges are available commercially with nominal resistance values 
from 30 to 3000 Ω, with 120, 350 and 1000 Ω being the most common values [19]. 

There are several disadvantages in the use of stand-alone strain gauges: 
difficulty in manipulation, the relative change in resistance cannot be measured 
directly, low sensitivity, influence of temperature variations and thermal expansion, 
etc. 

In order to avoid those disadvantages, load cells were developed. A load 
cell is a force sensing module, a transducer taking as input a force and converting it 
at the output into an electrical signal (voltage). It is consisting of a specially designed 
aluminum structure, having four strain gauges mounted in precise locations on the 
structure. The strain gauges form a full Wheatstone bridge in a special arrangement: 
without externally applied force the bridge is balanced, when the two opposite 
positioned gauges are in compression, the other two will be in tension, thus the 
unwanted influences of the temperature and thermal expansion are eliminated. 
The load cells are active transducers, they need a supply voltage to work properly. 
One of the most common shape for a load cell is the double bending sheer beam 
(Fig. 3 a and b) [19, 20]. 
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(a)   (b) 
 

Fig. 3 Load cells: (a) beam (max. 10 kg), (b) mini (max. 100 g) 
 

Although the electrical signal output is directly proportional to the product 
between the supply voltage and the relative change in resistance, it is still very small 
and requires specialized amplification and analog-to-digital conversion (Fig. 4) in 
order to be used in measurement systems based on computer or microcontrollers 
[21]. 

 

 
Fig. 4 The HX711 load cell amplifier 

 
 
STIFFNESS TESTER DESIGN AND IMPLEMENTATION 

 
Besides reliability, low-cost and the stand-alone status were the most 

important requirement for the bending stiffness tester designed and implemented 
as graduation thesis. Keeping in sight the values of bending stiffnesses for common 
papers and paperboards, a 100 g mini load cell and the two-point method were 
selected.  

The schematic of the electronic circuitry (wiring, device driving, data 
acquisition, processing and display) is presented in Fig. 5 [22]. 
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Fig. 5 Electronic circuitry 
 
 

For driving, data acquisition and processing an Arduino Uno [23] 
microcontroller was selected. It drives the HX711 load cell amplifier and the Tower 
Pro MG90S type micro servo motor [24], which is used in the bending process of 
the paper samples. A LCD-S-1602-BLUE type display [25] was used to ensure that 
the measurement results can be displayed computer independently. The mechanical 
design was performed using Autodesk Inventor Professional software package [26]. 
The tester has only one moving component, the deflector disk which ensures the 
bending. It was made out from brass using CNC machining technology (Lang Impala 
200LNC). All other pieces were obtained via PLA based 3D printing technology  
(DIY Cartesian FDM). As regarded the rectangular paper test piece, it was dimensioned 
according to the TAPPI T 489 om-08 standard [27]: 38.1 ± 0.3 mm in width and  
70 ± 1 mm in length. This piece is immobilized in the sample holder at one of its 
free ends. At 50 mm from this point, the deflector will ensure a 15o deflection in 
both directions. The force is measured by the load cell, the bending moment is 
calculated in both directions (force arm is 50 mm), the average is displayed in mNm 
units. The ready to use stiffness tester, with its most important parts, is presented 
in Fig. 6. 
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Fig. 6 The assembled bending stiffness tester assembled 

 
 

CALIBRATION 
 
The bending stiffness tester was calibrated in order to be able to display 

the bending moment in mNm units.  

 
Fig. 7 Set-up for calibration 

 
The calibration process is carried out by matching the measured force with 

a well-known value given by some analytical balance weights: a steel plate of the 
size of test pieces was inserted in the holder, the weights (0 g, 1 g, 2 g, 5 g, 10 g, 20 
g, 50 g) were attached on it to ensure controlled value of force via line and bearing 
(Fig.7), bending moment was calculated by means of product between force and 
arm (l = 5 cm). The relationship between the measured load cell response and 
calculated bending moment is depicted in Fig.8. One can observe that there is an 
almost perfect linearity (r2 = 0.99992) between them, the equation of the fit being: 
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Fig. 8 Calibration curve 
 

According to relationship (4), in the case of the two-point method, the 
bending stiffness is directly proportional to the bending moment.  Subsequently, 
the Arduino code was implemented accordingly to this linear relationship and in 
any further measuring situation, the bending stiffness is displayed directly (in mNm 
units) on the LCD of the tester. 
 
 
EXPERIMENTAL DETERMINATIONS 

 
The reliability of the system was tested using some fully coated bleached 

paperboard with white back from Carta Solida [28]. The bending stiffnesses given 
by the manufacturer and those measured with our tester are presented and 
compared in Table 1. 

As one can see the measured bending stiffnesses are in good agreement 
with the data given by vendor, the maximum relative error being around 7 %. 
Experimentally determined data have lower values due to different environmental 
testing conditions (temperature, humidity), but are well within the tolerance given 
by vendor (Fig. 9). Tests were performed also on some common, everyday life, 
commercially available products (Fig. 10), too. 
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Fig. 9 Comparison between experimentally determined bending stiffnesses  

and vendors data as function of thickness and machine direction 
 

    
milk box pasta box gift bag ID badge paper water PET 

Fig. 10 Common tested products 
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Table 1. Bending stiffness measurements  
on certified Carta Solida products 

Grammage / Thickness / Orientation (1) Bending stiffness (mN⋅m) RE (4) 

Given (2) Experimental (3) 
200 0.305 CD 3.80 3.684 / 0.266 - 3.16 
200 0.305 MD 7.80 8.034 / 0.357 + 2.95 
225 0.355 CD 5.40 5.088 / 0.119 - 5.74 
225 0.355 MD 11.00 10.485 / 0.237 - 4.64 
235 0.385 CD 6.60 6.13 / 0.105 - 7.12 
235 0.385 MD 13.50 13.446 / 0.190 - 0.37 
250 0.415 CD 8.10 7.863 / 0.092 - 2.96 
250 0.415 MD 16.50 16.337 / 0.260 - 0.97 
260 0.435 CD 9.00 8.355 / 0.080 - 7.11 
260 0.435 MD 18.40 17.108 / 0.063 - 7.01 
270 0.455 CD 10.00 9.33 / 0.134 - 6.70 
270 0.455 MD 20.20 19.373 / 0.266 - 4.11 
285 0.485 CD 11.60 10.793 / 0.190 - 6.98 
285 0.485 MD 23.30 21.749 / 0.276 - 6.65 
295 0.505 CD 13.00 12.436 / 0.274 - 4.31 

|295 0.505 MD 26.30 25.094 / 0.883 - 4.60 
320 0.555 CD 16.00 15.168 / 0.195 - 5.19 
320 0.555 MD 32.50 31.068 / 0.498 - 4.40 

(1) Grammage in g/m2, Thickness in mm, Orientation: CD cross machine / MD machine; 
(2) Testing method: Taber 15 (ISO 2493), Tolerance: ± 15 %; (3) Average / Standard deviation 
of 10 measurements; (4) Relative error in % (Given – Experimental)/ Given 

 
 
 

The test pieces for the common materials were prepared and the measurements 
were performed according to the methodology described above. The results are 
presented in Table 2. 
  



Z. KAPUSI, A. TUNYAGI, A. SIMON 
 
 

 
52 

Table 2. Bending stiffness measurements on common products 

Product Fiber orientation Bending stiffness (mN⋅m) * 

pasta box CD 10.31 / 0.10 
MD 23.21 / 0.11 

milk box CD 9.23 / 0.11 
MD 18.90 / 0.14 

wine gift bag CD 14.74 / 0.12 
MD 28.57 / 0.16 

ID badge paper CD 2.09 / 0.02 
MD 2.93 / 0.02 

PET none 6.80 / 0.04 

* Average / Standard deviation of ten measurements 
 
 
CONCLUSIONS 

 
We have proposed a low-cost bending stiffness tester as a graduation 

project for Engineering Physics. The student designed and implemented a 
microcontroller driven device, the over-cost being around 100 EURO. The device 
was calibrated and measurements were performed on both commercially available 
certified paper products and some everyday life paper-based products.  

The results obtained are in good agreement with literature. The project was 
an important diagnostic tool for the students’ performances and skills, and it was 
successfully presented at the final graduation exam. 
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IN VIVO 1H NMR RELAXOMETRY MAPS OF WOMEN  
NORMAL AND CANCEROUS PELVIS 

I. A. MORAR1,2, R. PINTICAN3, R. E. DAVID2,
T. KOVACS2 and R. FECHETE1,4*1

ABSTRACT. Transverse relaxation time (T2) and 1H spin density (𝜌ଵಹ) parameter 
maps were obtained for the pelvis of two women. For that, two anatomical 
magnetic resonance (MR) images were recorded in axial orientation with a low 
echo time (TE1 ≅ 30 ms) and a large echo time (TE ≅ 200 ms) for a volunteer with 
normal pelvis and a patient with endometrial cancer. The largest 𝑇ଶ௩–value was 
obtained for the right pelvic bones of patient with endometrial cancer and the 
lowest one was obtained for the uterus of volunteer with normal pelvis. 

Keywords: In vivo 1H NMR imaging, T2 and 𝜌ଵಹ  parameter maps, axial normal pelvis 
images, axial pelvis with endometrial cancer, 𝑇ଶ௩–values of woman pelvis components. 

INTRODUCTION 

The pelvis is the lower part of the trunk of the human body. It is situated
between the abdomen and the thighs. Together with the lower limbs sustains the 
entire weight of the upper body and have an essential role on the body posture, 
stability and balance [1]. The pelvic region is delineated by the pelvic bones and 
divided in pelvic cavity, pelvic floor and perineum. The pelvic skeleton is formed 
posteriorly by the sacrum and the coccyx and anteriorly by left and right hip bones. 
The pelvis anatomy varies between male and female. The female pelvis is wider and 
lower than de male pelvis and includes the uterus with its endometrium, myometrium 
and serous layers. 
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The cells in human bodies have a certain role. The normal ones divide in an 
orderly way. Then they die when they are worn out or damaged, and new cells take 
their place. Cancer is a cureless disease caused by the “out of control cells” growth. The 
cancer cells keep on growing and dividing into new cells which crowd out normal cells. 
This means that old or damaged cells survive when they should die, and new cells form 
when they are not needed. These extra cells can divide without stopping and may 
form growths called tumors. There are many types of cancer in the pelvic area. One 
of the most frequent malignancies diagnosed in women is the uterine cancer [2]. 

Nuclear magnetic resonance (NMR) is a powerful technique used to 
investigate the living tissues by particular methods like magnetic resonance imaging 
[2, 3], ordered tissues [4] but also for imaging of materials [5]. Nevertheless, this 
can be successfully used in many areas. Recently, 1H NMR relaxometry was used, 
for example, for assessing the wastewater treatment via the distributions of transverse 
relaxation time distributions [6]. 

The medical magnetic resonance imaging (MRI) is based on the phenomenon 
of nuclear magnetic resonance involving radiofrequency pulses applied to the human 
body being into a static magnetic field and appropriate magnetic field gradients for 
producing images with excellent soft tissue contrast [7]. To identify pathological 
anatomy it is necessary to obtain sufficient signal contrast between pathological 
and healthy tissue and sufficient spatial resolution to resolve small structures [8]. 

In everyday practice, radiological diagnosis is mainly based on the various 
magnetic resonance images weighted by relevant NMR parameters. A weighted 
image does not mean that it is influenced exclusively by that parameter [2]. To 
obtain for example transverse, 𝑇ଶ∗, longitudinal 𝑇ଵ∗ or residual dipolar coupling 
parameter maps, simpler approaches are based on only two MR images [2, 4, 5, 9]. 

The aim of this paper is to obtain transverse relaxation time T2 and 1H spin 
density 𝜌ଵಹ  parameter maps and to compare the specific values (minimum, maximum 
and the average) obtained for women’s normal and cancerous pelvis. Statistical 
distributions of T2 and 1H spin density for four pelvic areas such as uterus, bone, fat 
and muscles are evaluated. 

EXPERIMENTAL 

Patients 

Prior to the start of the clinical investigations, a written informed consent 
was obtained from all volunteers. Two female patients were enrolled in this study, one 
with normal endometrium (age 46) and the other with endometrial cancer (age 72). 
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The first one has an regulate menstruation and the other is at menopause. Both of 
them had 2 previous gestations (caesarian section) and underwent gynecological 
examinations (Papanicolaou test [10]) and pelvic ultrasonography. 

 
 
Methods 
 
The volunteer and the patient were investigated on a GE 3T MRI Discovery 

MR750w. The average total scanning time was 1 hour. A body coil transmission with 
16-channel phased-array receiver was used. 10 Minutes before starting the MRI 
investigation, an antispasmodic drug was administrated intravenously to reduce 
movement artifacts. Additional to axial T2 Spin Echo FRFSE-XL pulse sequence used 
for obtaining the 𝑇ଶ∗ and 𝜌ଵಹ  parameter maps, the protocol include at the beginning 
a localization pulse sequence and a diffusion weighted imaging sequence at the 
final of investigation. Two acquisitions were obtained with the same repetition time 
(TR – recycle delay) 5000 ms but different echo times TE1 = 30 ms and TE2 = 200 ms. 
The section thickness was 4 mm, the field of view (FOV) 350-400 mm, the intersection 
gap was 0.8 mm, matrix size (in frequency and in phase encoding) was 384x256. 
 
 
RESULTS AND DISCUSSION 

 
Figure 1 presents the anatomic MR images in axial orientation recorded for 

a normal woman pelvis (left images) and a woman pelvis with endometrial cancer 
with two values of echo time (TE) of 30 ms (top) and 200 ms (bottom). Some major 
anatomic components that can be distinguished are: i) the uterus (located in the 
center-top of approximately circular shape and a neutral gray color); ii) The bladder 
observed only for the woman with cancer on top of uterus (see Figs. 1 c) and d)); 
iii) sections in the left and right innominate bones (as a thin formation with diagonal 
orientation starting from top left and right toward bottom center of open gray color 
surrounded by a darker color); iv) muscles: puborectalis, pubococcigeus, ilicoccygeus, 
ischiococcygeus, obturator internus and piriformis (having a darker color); v) fat 
(lipid cells) surrounding the body’s internal organs observed with the lighter color 
and vi) rectum (with darker color in centrum). One can remark that existence of 
cancerous cells the uterus is deformed (see Figs. 1 c) and d)). 

In order to obtain the T2 parameter map (𝑇ଶሺ௫,௬ሻ), one have to calculate 
voxel by voxel (for all x and y coordinates) the ratio between the upper MR image 
in Fig. 1 expressed as an  𝑆ଵሺ௫,௬)  matrix characterized by 
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 (a) 

 
 (c) 

 
 (b) 

 
 (d) 

Fig. 1 Axial T2 weighted MR images of a volunteer woman (left) recorded with  
(a) TE = 30 ms and (b) TE = 200 ms and a patient woman with endometrial  

cancer (right) recorded with (c) TE = 30 ms and (d) TE = 200 ms. 

 
the low echo time (TE1 ≅ 30 ms in our case) and the lower MR image expressed as an 𝑆ଶሺ௫,௬) matrix characterized by the high echo time (TE2 ≅ 200 ms in our case) as [2], 
 𝑇ଶሺ௫,௬) ൌ ்ாమି்ாభೄభሺೣ,)ೄమሺೣ,)൩.      (1) 
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(a) 

 

 
(b) 

Fig. 2 The T2 maps obtained using eq. (1) from images presented in Figs. 1 for  
a) normal pelvis and b) endometrial cancer. 

 
 
The T2 parametric maps calculated using eq. (1) from T2 weighted MR 

images for the normal and affected by endometrial cancer with myometrial 
invasion are presented in Fig. 2. Compared with the T2 parameter maps reported in  
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[9] obtained for a three tube phantom, the contrast and resolution of our map are 
net superior. The limits for T2-values were set to 100 ms for the minimum value and 
1000 ms for the maximum value. A T2-value larger than 1 s is represented with 
white color, while a T2-value smaller than 100 ms is represented with black color. 
The fat cells present large T2-values and are observed as extended red regions. The 
muscular formations presents the smallest T2-values and are observed as regions 
colored in violet, blue up to green colors (for the patient with cancer), meaning that 
the specific T2-values are in the range of 100 ms up to 180 ms and containing the green 
for the normal patient with the T2-values in the range of 100 ms up to 300 ms. The 
bones being a porous/spongy biomaterial is characterized also by large T2-values. 
Differences can be observed between the volunteer and patient, meaning that the 
volunteer with normal uterus present lower T2-values (see Fig. 2a) compared to the 
patient with endometrial cancer (see Fig. 2b). The uterus of the volunteer with normal 
pelvis presents lower T2-values than the values measured for the volunteer with 
endometrial cancer. This malign formation can be observed as the green area 
surrounding a red colored region characterized by high T2-values. 

Additional to the 𝑇ଶ parameter map, for a radiologist, which usually establishes 
a diagnostic only from anatomic images (gray MRI presented in Fig. 1) significant 
information can be obtained from 𝜌ଵಹ  parameter maps. In order to obtain the 𝜌ଵಹ  
parameter map one can use the previously calculated 𝑇ଶ∗ parameter map. The specific 
equation for a 𝜌ଵಹ  parameter map is given by [2], 
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where 𝑆ሺ௫,௬) can be the map S1 corresponding to the short echo time or the second 
map S2 recorded with long echo time. Due to the large signal to noise ratio (SNR), 
we used the MR image recorded with a short echo time. The 𝜌 ுభ  parameter maps 
obtained for our women are presented in Figs. 3. 
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(a) 

 

 
(b) 

Fig. 3  The 𝜌ଵಹ  parameter maps obtained using eq. (2) from images presented  
in Figs. 1 for a) normal pelvis and b) endometrial cancer 

The areas with a small number of protons are represented in blue and are 
mainly observed around the rectum and large bowel section. The areas with a large 
number of protons are represented in dark red and are found in lateral front and 
middle back fat regions. A large number of protons (red) can be found in fat that 
surround the internal organs. In yellow and green are represented the organs with 
intermediate number of protons. 
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  (a) 

 
  (b) 

 
  (c) 

 
  (d) 

 
  (e) 

 
  (f) 

Fig. 4 Statistical distributions of minimum, maximum and average values of T2 and 𝜌ଵಹ  
parameter for various ROIs of a normal pelvis (a) uterus; (b) fat; (c) left innominate bone; 
(d) right pelvic bones; (e) left piriformis muscle and (f) right piriformis muscle. The ROI 
is marked with gray color. 

In Fig. 4 are represented (as a screen capture of our processing software) 
the statistical distributions of minimum, maximum and average values of T2 and 𝜌ଵಹ  
parameters for various regions of interest (ROIs) marked with gray color for a 
normal pelvis. These are the uterus (Fig. 4a), fat (Fig. 4b), left innominate bone (Fig. 
4c), right pelvic bones (Fig. 4d), left piriformis muscle (Fig. 4e) and right piriformis 
muscle (Fig. 4f).  
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  (a) 

 
  (b) 

 
  (c) 

 
  (d) 

 
  (e) 

 
  (f) 

Fig. 5 Statistical distributions of minimum, maximum and average values of T2 and 𝜌ଵಹ  
parameter for various ROIs of a pelvis with endometrial cancer (a) uterus; (b) fat; (c) left 
pelvic bone; (d) right pelvic bones; (e) left piriformis muscle and (f) right piriformis muscle. 
The ROI is marked with gray color. 

The statistical distributions of minimum, maximum and average values of 
T2 and 𝜌ଵಹ  parameter of a pelvis with endometrial cancer are shown in Fig. 5 for 
the same types of ROIs as in the case of normal pelvis. The measured values are 
comparatively presented in Table 1 for the normal pelvis and in Table 2 for the 
pelvis with endometrial cancer. The statistical values are well defines, since the 
number of voxels are between 2042 for right bone and 13573 for fat both belonging 
to woman with normal pelvis. For this woman the lowest 𝑇ଶ௩-value was measured 
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Table 1. Minimum, maximum and average values of transverse relaxation times T2 
obtained for various ROI’s as: uterus, fat, innominate bone or muscle. 

ROI 
Normal  Endometrial Cancer 𝑇ଶ 
[ms] 

𝑇ଶ௫ 
[ms] 

𝑇ଶ௩ 
[ms] 

 𝑇ଶ 
[ms] 

𝑇ଶ௫ 
[ms] 

𝑇ଶ௩ 
[ms] 

uterus 122.6 403.0 186.4  175.3 682.2 273.6 
fat 242.7 910.9 487.3  175.3 677.0 459.1 
bone left 184.8 478.6 300.8  220.4 1919.8 586.3 
bone right 159.6 625.2 329.1  164.4 1769.1 643.3 
muscle left 137.5 398.7 218.4  125.8 424.7 186.5 
muscle right 115.3 419.2 218.8  112.8 321.9 176.0 

 

Table 2. Minimum, maximum and average values of proton spin density 𝜌ଵಹ   
obtained for various ROI’s in the pelvis region. 

ROI 
Normal  Endometrial Cancer 𝜌ଵಹ 𝜌ଵಹ௫ 𝜌ଵಹ௩  𝜌ଵಹ 𝜌ଵಹ௫ 𝜌ଵಹ௩ 

uterus 76.9 129.7 99.2  80.9 137.4 102.6 
fat 35.1 206.8 140.3  39.2 212.8 141.5 
bone left 34.4 154.5 105.8  44.6 130.0 95.4 
bone right 60.6 153.7 107.7  42.1 165.1 104.8 
muscle left 57.8 144.1 87.3  50.7 151.4 93.6 
muscle right 68.5 138.7 91.5  53.2 129.2 82.0 

 

for uterus (186.4 ms), while the largest one was found for fat (487.3). In the case of 
woman with uterine cancer lower 𝑇ଶ௩-value were measured for muscle (186.5 ms 
and 176.0 ms) while the largest one was found not for fat (459.1 ms) but for 
innominate (hip) bone (586.3 ms and 643.3 ms). For this woman one can remark an 
increased 𝑇ଶ௩ for uterus and bone. As expected the largest 𝜌ଵಹ௩– values were 
measured for fat tissue and the smallest one was measured for muscle, then for 
uterus and bone. Form 𝜌ଵಹ௩ no significant differences between normal and cancerous 
pelvis are observed. 
 
 
CONCLUSIONS 

 
T2 and 𝜌ଵಹ  parameter maps were obtained for the pelvis of two women, a 

volunteer with normal pelvis and a patient with endometrial cancer. The statistical 𝑇ଶ௩ and 𝜌ଵಹ௩– values calculated from these maps on various pelvic components 
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such as uterus, fat, bone or muscle show significant differences between normal 
pelvis compared to the pelvis with endometrial cancer. Abnormalities of 𝑇ଶ௩-values 
are also observed in the case of patient with the endometrial cancer like large 𝑇ଶ௩  
for uterus. 
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SCREENING OF POTENTIAL NEW SOLID FORMS OF  
VITAMIN B1 WITH VITAMIN B3 

 
 

M. MURESAN-POP1, D. M. PETRISOR1*, S. SIMON1,2 

 
 

ABSTRACT. The present study aimed to obtain new solid forms between Vitamin B1 
(thiamine hydrochloride) and Vitamin B3 (nicotinamide) following the mechanochemistry 
route. The samples prepared by grinding in different solvents, of thiamine hydrochloride 
with nicotinamide in 1:1 and 1:2 molar ratios were investigated by X-ray diffraction 
(XRD) and Fourier transform infrared spectroscopy (FTIR). The XRD and FTIR results 
point out that for the chosen ratios of components and for the aqueous ethanol 
solution and for ethyl acetate used as solvents, none solid forms were obtained, but only 
physical mixtures. For the sample with1:2 molar ratio of B1:B3, the FTIR analysis 
reveals very small changes of few absorption bands consisting in a weak shift towards 
higher wavenumbers, due to grinding process.  
 
Keywords: thiamine hydrocloride; nicotinamide; mechanochemistry; XRD; FTIR. 
 
 

INTRODUCTION 
 
Mechanochemistry is a method that uses mechanical force to initiate 

chemical reactions. A popular tool choice amongst mechanochemical researchers 
is the ball mill (BM), which also is used for forcing bulky molecules to react [1]. 
Solvent-drop grinding is an effective screening tool, that requires small amount of 
solvent, and gives often the possibility of create new co-crystals, which are not 
traditionally obtainable [2]. 

Solubility of pharmaceutical compounds is an important step in the 
development of the final product, and co-crystallization is one of the most common 
operations used to obtain new solid forms with improved properties. 
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Thiamine hydrochloride belongs to a class of water-soluble vitamins essential 
for the body and is also called Vitamin B1. It has the chemical structure C12H18Cl2N4OS 
(Fig. 1a) and has the molar mass 337.3 g/mol. Thiamine hydrochloride is a hygroscopic 
salt. This compound plays an important role in the digestive system, nervous system 
and normal activity of the heart [3-5], and is mainly used in animal feed as nutritional 
supplements, as well as in the feed industry, in medicines, but also in cosmetic 
products [6,7]. Various new solid forms of thiamine hydrochloride have been reported 
in the literature [8,9]. It has been shown that hemihydrate form of thiamine 
hydrochloride is the most stable in contact with water up to 120ºC, when dehydration 
of the substance begins [8,10]. 
 
 

 

 
 
 
 
 
 
 

Fig. 1 Chemical structure of thiamine hydrochloride (a) and nicotinamide (b). 
 
 
In the field of pharmaceutics, the new solid forms (solvates, hydrates, co-

crystals and salts) play an important role in the design of new solid forms [11]. 
Differences in solid forms often lead to differences in thermodynamic parameters 
and physico-chemical properties (solubility, dissolution rate, stability and mechanical 
properties) [12]. 

The co-crystal formation involves the co-crystallization of an agent active 
pharmaceutical ingredient and another agent named coformer. Thus, the purpose of 
this study was to obtain new solid forms of thiamine hydrochloride, using nicotinamide 
as a coformer. 

Nicotinamide (C6H6N2O, Fig. 1b) is part of the class of vitamins B too, and 
is named vitamin B3. It is used as a dietary supplement and as neuroprotective 
agent [13]. The molar mass of nicotinamide is 122.1 g/mol, about three times larger 
than that of nicotinamide. This was one of the reasons to consider nicotinamide 
as a possible conformer in obtaining new solid forms with thiamine hydrochloride, 
because in this case the forming of a complex seems to have a relative high probability. 
On the other hand, the nicotinamide molecule has donor sites, as pyridine ring nitrogen 

  
(a) (b) 

  



SCREENING OF POTENTIAL NEW SOLID FORMS OF VITAMIN B1 WITH VITAMIN B3 
 
 

 
69 

(N+) and amino-nitrogen, while thiamine hydrochloride has 4 hydrogen bond 
acceptors, and 2 hydrogen bond donors. Therefore, the two molecules are expected to 
form new bonds. 

In the present study were investigated two samples prepared by solvent assisted 
ball milling of vitamins B1 and B3, which were aimed to form by mechanochemistry 
solid forms of thiamine hydrochloride with nicotinamide as coformer. The samples 
were analyzed using X-ray diffraction and infrared spectroscopy. 

 
 

EXPERIMENTAL 

Thiamine hydrochloride (THC) and nicotinamide (NICA) provided by Alfa Aesar 
and Sigma Aldrich, respectively, were used without any further purification. Two 
samples with thiamine hydrochloride and nicotinamide were prepared as follows: 

1. THCNICA-BM1: 25 mg THC (0.074 mmol), 9.14 mg NICA (0.074 mmol), were 
ground together for 60 minutes using a Retsch MM200 ball mill, with 40µl 
aqueous ethanol solution (EtOH / water, 1: 1 v / v) 

2. THCNICA-BM2: 25 mg THC (0.074 mmol), 2x9.14 mg NICA (2x0.074 mmol), 
were ground together for 60 minutes using a Retsch MM200 ball mill, 
with 40µl ethylacetate. 
After milling, the samples were dried at 37ºC before analysis by powder  

X-ray diffraction and infrared spectroscopy. 
The structural analysis was made by X-ray powder diffraction using a 

Shimatzu XRD-6000 diffractometer with graphite monochromator. The measurements 
were performed at room temperature, in 2θ range between 3–40°, with Cu Kα radiation 
(λ = 1.5406 Å, operating conditions 40 kV and 30 mA). 

For the analysis by Fourier-transform infrared spectroscopy (FTIR) 1.6 mg 
of each sample were well mixed with 150 mg KBr of spectroscopic grade purity, and 
pressed into 13 mm diameter disks under a pressure of 12 tons. The measurements 
were carried out with a JASCO 6200 FTIR spectrometer (256 scans; resolution 
4 cm-1; spectral range 4000-400 cm-1) and the recorded spectra were analysed 
using Spectra Analysis software. 
 
 
RESULTS AND DISCUSSION 

The X-ray powder diffraction patterns obtained for solvent assisted ball milled 
THCNICA-BM1 and THCNICA-BM2 samples was compared with that of the starting 
thiamine hydrochloride (THC) and nicotinamide (NICA). From X-ray diffractograms (Fig. 2) 
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one observes that in both cases, after milling, all diffraction lines represent a 
superposition of the diffraction lines corresponding to the ball milled components. 
There are no new lines to signalize the achievement of a new structure and no 
lines from thiamine hydrochloride and nicotinamide patterns are missing. 
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Fig. 2 X-ray powder diffraction patterns of thiamine hydrochloride and nicotinamide  

along with the powder diffraction patterns of the samples obtained by  
their solvent assisted ball milling. 

 
Concerning the difference observed in the intensities of the diffraction 

lines recorded from the ball milled samples, this clearly reflects the double amount of 
nicotinamide used for BM-2 sample, wherein the ratio vitamin B1/vitamin B3 is 
half of the same ratio in BM-1 sample. According to these XRD results, no new 
solid forms of thiamine hydrochloride were developed, and only two physical 
mixtures were formed under the mentioned synthesis conditions. 

Further analysis of the samples was carried out by Fourier transform 
infrared spectroscopy. The infrared spectra of starting materials THC and NICA 
(Fig. 3) were compared in the spectral range of interest with the spectra obtained 
for the solvent assisted ball milled samples THCNICA-BM1, THCNICA-BM2 (Fig. 4). 

The FTIR spectrum of vitamin B1/ THC (Fig. 3a) contains characteristic 
bands of C-H stretching vibrations located at 3491 cm-1 and N-H stretch band at 
3423 cm-1; the N-H stretching vibrations at  3289 cm-1, and C-N vibration at 3042 
cm-1; the N-H stretching vibration of primary amine is identified at 2909 cm-1. The 
C-OH stretching vibration was observed at 1045 cm-1 and C-Cl at 766 cm-1 and 640 
cm-1.  
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Fig. 3 FTIR spectra of thiamine hydrochloride (a) and nicotinamide (b). 
 
 

In the FT-IR spectrum of Vitamin B3/NICA (Fig.3b) two strong characteristic 
bands appear at 3366 and 3156 cm–1, attributed to asymmetric and symmetric 
stretching vibrations of the NH2 group. Strong bands assigned to C=O bond vibrations 
are observed for nicotinamide at 1698 and 1680 cm–1 [14, 15]. The bands at 1614 cm-1 
and 1618 cm-1 were attributed to NH2 scissoring vibration [16].  

By comparing the FTIR spectra of the obtained samples with the FTIR spectra 
of the starting materials (Fig. 4), it can observe that the characteristic bands of the 
starting materials are found in both prepared sample, without any major differences.  
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Fig. 4 FTIR spectra of nicotinamide (NICA) and thiamine hydrochloride (THC) along with the 

patterns of the samples obtained by their solvent assisted ball milling BM1 and BM2. 
 

Further, if we compare the sum of the FTIR spectra for the starting materials 
(THC + NICA) with the FTIR spectra of the obtained samples, in the case of the 
THCNICA_BM1 sample, only a physical mixture between THC and NICA is highlighted 
(Fig. 5). 

 
Fig. 5 Sum of FTIR spectra of thiamine hydrochloride and nicotinamide (THC+NICA) 

compared with the FTIR spectrum of the THCNICA_BM1 sample. 
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For the THCNICA_BM2 sample, it can be observed that a few absorption bands 
appear slightly shifted to higher wavenumbers, like the vibration from 3491 cm-1 who 
appears at 3506 cm-1, and the one from 3423 cm-1 which appears at 3440 cm-1 (Fig. 6). 
It can be observed that these shifts are very small and cannot be attributed to the 
formation of new solid form of thiamine hydrochloride with nicotinamide as a coformer. 
Also, in the 3000 cm-1 ÷ 3300 cm-1 spectral region of FTIR spectrum of THCNICA_BM2 an 
overlapping bands can be observed, compared with the same region in the THC+NICA 
spectrum, where the same spectral lines are better resolved. This overlapping and 
the shifts too, are most likely due to the grinding process and the presence of water in 
the analyzed samples. 
 

 
Fig. 6 Sum of FTIR spectra of thiamine hydrochloride and nicotinamide (THC+NICA) 

compared with the FTIR spectrum of the THCNICA_BM2 sample. 
 
CONCLUSIONS 

The present study aimed to obtain potential new solid forms by combining 
Vitamin B1 (thiamine hydrochloride) with Vitamin B3 (nicotinamide), in different 
molar ratios and using different solvents, by mechanochemistry method. Two physical 
mixtures were obtained using solvent drop grinding of thiamine with nicotinamide 
as coformer. For the THCNICA_BM2 sample the FTIR analysis reveals very small changes 
of few absorption bands, consisting in a weak shift towards higher wavenumbers and 
overlapping bands, due most likely to grinding process.  
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The results indicate that other molar ratios and/or other solvents should 
be investigated with regard to the use of Vitamin B3 as a conformer, or to consider 
other co-formers, in order to obtain new solid forms of Vitamin B1 with improved 
properties. 
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ABSTRACT. Carotenoids present a group of tetraterpenoid biomolecules which are 
well known for their physiological benefits through their remarkable radical scavenging 
activity and reactive oxygen species quenching. However, little is known about role 
of carotenoids in relieving mechanical stress. Hence, in this study, we exposed sea 
urchin fertilized eggs to mechanical stress in form of centrifugation and exploited 
the advantage of Resonance Raman scattering to probe if the carotenoid profile or 
their distribution would change after application of the stress. Silver nanoparticles 
were used ro probe the Raman signal of carotenoids near the cell surface and attempt 
to achieve SERRS conditions (Surface‐enhanced Resonance Raman scattering). We 
have found that carotenoid concentration notably increased on the cell surface after 
centrifugation, indicating that carotenoids were mobilized in response to mechanical 
stress. 

 

Keywords: Raman spectroscopy, mechanical stress, sea urchin eggs, carotenoids 

 
 
INTRODUCTION 
 
  Silver  nanoparticles  (AgNPs)  are  often  used  in  micro‐analytical  Raman 
spectroscopy  for detection of SERS  (Surface‐enhanced Raman scattering)  signal  from 
cells and tissues owing to their relatively strong electromagnetic field enhancement 
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by surface plasmon resonance (SPR), [1‐6]. It has been shown previously that distinct 
Raman and SERS signal of carotenoids can be recorded from live cells and tissue 
extracts by AgNPs [2‐6]. Although chemical protective role of carotenoids  is well 
studied and discussed [7,8], the potential involvement of carotenoids in responses 
to other kinds of stress, like mechanical insult, is not well investigated yet. 
  Sea urchins are marine grazing herbivorous invertebrates (Fig. 1). Adult sea 
urchins are generally resistant to organic and heavy metal pollution [9]. However,  the 
majority of sea urchin species are broadcast spawners, meaning that both the males 
and the females release their gametes (reproductive cells) freely into sea water [9], 
where the fertilization and early development takes place. Hence, their early life stages, 
the gametes, embryos and larvae are directly exposed to environmental chemical and 
physical factors. 
 
 

 
Fig. 1 Photograph of sea urchins in their native environment. 

 
 
  Our previous study has shown that Raman spectroscopy probing of native, 
mature eggs of the sea urchin Paracentrotus lividus induces pre‐resonant excitation 
of carotenoids, whereby the Raman signal represents a mixture of mainly echinenone 
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and β‐carotene [8]. The next developmental step after egg maturation is the fertilization, 
whereby a rigid protective envelope, composed of proteins and mucopolysaccharides, is 
raised around the eggs [10,11]. The purpose of the fertilization envelope is, inter alia, 
to protect the developing embryo from the physical environment. In this study, we 
investigate  local  changes  of  carotenoid  profile  or  distribution  in  the  sea  urchin 
Paracentrotus lividus eggs after application of mechanical stress, in order to study 
the involvement of carotenoids in response to this kind of aggression. 
 
 
 
EXPERIMENTAL 
 
 

Obtaining of sea urchin eggs 
 

  Sea urchin gametes were obtained by artificial spawning of a male and of 
three females by injection of KCl solution (1 M). Male seminal fluid was collected 
“dry”, while females were inverted on a beaker to release eggs into filtered natural 
sea water  (filtering with Milipore  vacuum  filtration  system,  0.45  µm  pore  size). 
Gametes were subsequently combined and gently stirred to promote fertilization. 
5 minutes later, fertilized eggs were sieved through a 50 µm mesh to remove remaining 
gametes and debris. Optical micrographs of eggs were taken on an Olympus IX71 
inverted microscope. More details on the employed spawning method can be found in 
references 6,8 and 12. Sea urchins were returned to the sea at the site of collection 
once the gametes have been collected. 
 
 

Exposing the eggs to mechanical stress 
 

  Obtained clean suspension of fertilized eggs was subjected to mechanical 
stress by centrifuging for 10 minutes at 2000 rpm in a lab centrifuge (50 ml tube 
capacity), firstly to obtain a concentrated mass of intact eggs, and further to evaluate 
the possible physiological reaction of centrifuged eggs relative to non‐centrifuged 
ones. In order to localize Raman signal probing to cell surface and eliminate strong 
carotenoid  signalling  from  egg  interior,  concentrated  egg  suspension was  drop‐
coated  onto  SpectRIM hydrophobic  plate,  and  covered  by  a  droplet  of  colloidal 
AgNPs after water evaporation. 
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Synthesis of AgNPs 
 

  The hydroxylamine‐reduced colloidal AgNPs were prepared by dissolving of 
0.017 g of AgNO3 in 90 ml of distilled water [13]. A second solution was prepared 
by dissolving of 0.021 g of NH2OH ∙ HCl in 5 ml of water, and 4.5 ml of 0.1 M sodium 
hydroxide was further added. The second solution was rapidly added to first, AgNO3 
solution, and a grey‐brown solution with absorption maximum at 418 nm was obtained 
in a few seconds. 

 
Raman spectroscopy measurements 

  Raman spectroscopy measurements of dry sea urchin eggs deposited on a 
SpectRIM plate by drop‐coating method [8] was conducted with a Renishaw InVia 
Reflex confocal Raman microscope, using the Cobolt DPSS laser emitting at 532 nm. The 
20x objective (NA 0.35) was used for viewing the sample and focusing the laser beam. 
This configuration resulted in the laser spot size of about 1 µm. Spectra were recorded 
with 0.5 cm‐1 spectral resolution, in ~100 to 1800 cm‐1 range. In both Resonance Raman 
and SERRS measurements, spectra were acquired by a single 1 s exposure under 
100 mW laser power. 
  This study did not require ethical approval. However, all applicable international, 
national, and/or institutional guidelines for the care and use of experimental  animals 
were followed. 
 
 
RESULTS AND DISCUSSION 
 
  The fertilized eggs were spherical in shape, with the diameter of about 90 µm, 
and yellowish to orange in colour owing to high content of carotenoids [8] (Fig. 2). 
The fertilization envelope was observed as a thin layer around the eggs (Fig. 2c). It forms 
a physical coat around the eggs with about 10 µm of perivitelline space between the 
envelope and egg cell membrane. 
  The normal Raman signal of centrifuged fertilized eggs featured only strong 
pre‐resonance carotenoid signal on top of characteristic weak incremental background 
(Fig. 2a, red spectra), a signal described previously by Nekvapil et al. [8]. This means 
that the fertilization envelope enables the passage of incident laser beam and the 
scattered photons. The three main bands were observed here at 1004, 1154 and 
1514  cm‐1, which  in  this  case  indicates  a  carotenoid mixture of  echinenone  and  
β‐carotene [8]. 
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Fig. 2 Analysis of native sea urchin Paracentrotus lividus eggs: a) multiple pre‐resonance 
Raman spectra acquired from native fertilized eggs (red), compared to averaged Raman 
signal of unfertilized eggs from ref. 8 (blue); b) micrograph of unfertilized eggs taken on 
the Raman microscope; c) micrograph of fertilized eggs taken on inverted brightfield 
microscope (black arrow ‐ fertilization envelope, white arrow ‐ perivitelline space). 

 
 
  On the contrary, SERRS signal of uncentrifuged fertilized eggs (Fig. 3) were 
notably complex, presumably reflecting the numerous modes of the envelope material 
adsorbed onto AgNPs. The modes around 141 and 220 cm‐1 indicate the aggregation 
of AgNPs [4]. In between the multitude of bands, SERRS modes at 1079, 1174, 1367, 
1510, 1575 and a shoulder at 1649 cm‐1 could be distinguished, highlighted by red 
labels in Fig. 3, which are close to SERS modes of β‐carotene [5]. 
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Fig. 3 SERS spectra of native, uncentrifuged 
fertilized  sea  urchin  Paracentrotus  lividus  
eggs,  featuring  bands  of  the  fertilization 
envelope  material  and  low‐concentration  
β‐carotene bands (labelled in red). 
 
 
 
 

  The signal of centrifuged fertilized eggs featured stronger Raman signal of 
carotenoids (Fig. 4). Acquisition of pre‐resonance Raman signal rather than SERRS 
presumably occurred due to the phenomenon of SERS damping, where only the first 
molecular layer adsorbed onto AgNPs gives SERS signal, while increase of carotenoid 
concentration also increases the Resonance Raman signal, which is stronger and 

 
 
 
 
 
 
 
 
Fig.  4  Multiple  SERRS  spectra  acquired 
from sea urchin Paracentrotus lividus centri‐
fuged fertilized eggs (blue) compared to a 
representative spectrum of uncentrifuged 
fertilized eggs. Note the higher intensity of 
carotenoid bands at 1004, 1154 and 1514 
cm‐1 after centrifugation (blue spectra). 
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occludes the comparatively weaker SERS signal [5]. The conclusion of this observation 
is that the carotenoid concentration increased in or very near to the fertilization 
envelope. 
  Carotenoids  were  previously  shown  to  exhibit  remarkable  free  radical 
scavenging activity [7], hence their role in chemical defence of cells and tissues. In 
this  study, we have shown, by detecting  increased concentration of  carotenoids 
near the fertilization envelope, that carotenoids may also have some role to play in 
mechanical stress relieving. A previous study that employed centrifugation of sea 
urchin  oocytes  has  shown  that  centrifugation  temporarily  changes  the  spatial 
distribution of cell organelles, and that normal organization of the cell  interior is 
restored  later  [14]. Hence, centrifugation could not have permanently narrowed 
the perivitelline space and so brought the cell itself closer to the envelope, where 
AgNPs are aggregated. It is possible that mechanical stress induces chemical insults 
within  the cell, and  that  is where carotenoids may come  into play  to  remediate 
oxidative stress. 
  The localization of SERS signal from the fertilization envelope is supported 
by the fact that the signal of only low‐concentration β‐carotene signal along with 
general indicator bands of proteins [15] was recorded, rather than strong carotenoid 
signal  which  would  be  recorded  under  Resonance  Raman  excitation  only.  The 
conclusion on increased concentration of carotenoids near the fertilization envelope is 
supported by the fact that electromagnetic enhancement of atomic vibrations by 
SPR extends only a few nanometres from the nanoparticles surface, which is much 
smaller  that  the  width  of  perivitelline  space.  Thus,  the  phenomenon  of  SERS 
damping by carotenoids must have occurred near the fertilization envelope. 
  Detection of increased carotenoid content near the fertilization envelope 
after the mechanical stress, i.e. centrifugation, raises a new question that has to be 
investigated  by  other  methods:  a  physiological  mechanism  must  exist,  which 
rapidly transports carotenoids, which are lipid‐soluble, from cells into the envelope, 
which is not believed to be rich in lipides. Hence the question of means of cellular 
transport of carotenoids through media where they are not soluble. 
 
 
CONCLUSION 
 
  In this paper we have shown, using Resonance Raman scattering and Surface‐
enhanced Raman scattering, that mechanical stress to sea urchin eggs, in form of 
centrifugation within non‐lethal parameters, induces a shift in cellular carotenoids 
distribution. The carotenoids are engaged presumably because centrifugation induces 
oxidative stress to the eggs. 
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SOME ASPECTS OF THERMODYNAMIC PROPERTIES OF 
ETHYLENIMINE AND ETHYLENE GLYCOL LINEAR POLYMERS 

 
 

R. D. PAŞCA1,2*, T. A. BEU1* 
 
 

ABSTRACT The two biopolymers, namely polyethy‐lenimine (PEI) and polyethylene 
glycol  (PEG)  in  linear  configurations,  with  a  different  range  of  polymerization, 
containing  between  3  and  25  repeat  units,  have  been  studied  by  means  of  3 
functions of state: enthalpy, entropy and Gibbs free energy in standard conditions, 
using  density  functional  (DFT)  calculations.  The  preliminary  data  show  that  the 
stability  of  the  two  polymers  decreases  with  the  increasing  of  their  degree  of 
polymerization, namely with the increasing of their chain length.  
 
Key words: Thermodynamics, functions of state, biopolymers, PEI, PEG. 

 
 
 
 

INTRODUCTION  

Polyethylenimine (PEI) or polyaziridine and polyethylene glycol (PEG) also 
known as polyethylene oxide (PEO) are two polymers with a similar structure:  

H‐(NH – CH2–CH2)n–NH2                        H−(O−CH2−CH2)n−OH            
                                          PEI                                                PEG 
 

Both contain ethylene groups ‐CH2CH2‐, separating the ether (‐O‐), respectively 
secondary amine (‐NH‐) groups. Both can exist in linear forms, as presented in the 
formulas  above or  branched  forms.  PEI  can  also  present  dendrimeric  forms  [1], 
while for PEG there are also starPEGs and combPEGs. For the beginning, here only 
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the linear forms will be considered. The name PEG is used mainly for oligomers and 
polymers with low degrees of polymerization, n (e.g. under 400‐500) [2], while PEO 
is referred for higher degrees of polymerization which can attend some hundreds 
of thousands (molar weight as high as 107g/mol). Likewise, PEI of various polymerization 
degrees, from oligomers to polymers with molar weight of about 106 is used [3]. 
The basic amine groups in PEI can be easily protonated, conferring a polycationic 
character to the polymer [4, 5]. 
  Both  polymers  have  multiple  utilizations  [6].    PEGs  have  biological  and 
medical applications, e.g. as encapsulating agents for drug delivery [7], for coating 
gene therapy vectors against inactivation by the immune system [8].   
  PEI is also a multipurpose polymer used in adhesives, cosmetics, detergents, in 
the cellulose and paper industry [9, 10]. Much attention is paid to its use as carbon 
dioxide absorbent [11]. In biology, it is used as transfection agent for DNA [12]    

For crystallized PEG oligomers  (up  to n= 48) secondary helical  structures 
were  observed  [2].  For  polymers  above  the  glass  transition  temperature  and  in 
solution, the polymer theory predicts a random coil configuration. The molecular 
configurations of PEG (n= 27) and PEO were simulated and analyzed in water solution 
[13] using Charmm c33b2 program [14]. For liquid PEG molecular dynamics simulations 
were performed using various force fields [15], and with the OPLS‐AA force field its 
hydrogen‐bond structure was discussed [16]. All atom molecular dynamics simulation 
was also used to study the role of PEG in drug delivery [17]. Calculations of this type were 
also  applied  for  the  study  of  intercalated  in  clay  [18].  Some  thermodynamic 
properties for liquid PEG were studied from its volume [19].   

PEI was as well studied theoretically, especially for  its action as a proton 
acceptor, a real “proton sponge” in acidic medium [20]. For linear chains of PEI in 
solution, molecular dynamic simulations [20] showed that in basic medium (high 
pH) the chain presents a coil configuration, while in strong acidic conditions (low 
pH) the chains are elongated. The thermodynamics of CO2 adsorption on PEI was 
also investigated [21]. Molecular dynamics and Monte Carlo simulations were used 
to study the protonation behavior of PEI in solution [22], and the modelling of CO2 
adsorption on PEI was achieved [23].    

Some quantum chemical calculations for PEI and PEG were also realized. 
The mechanism for the electrochemical polymerization of diethylenetriamine (the 
dimer, n = 2  in  the series of PEI)  to  linear PEI was studied by ab  initio quantum 
chemical  calculations  at  the  Hartree–Fock  level with  Gaussian  98W of  standard 
reaction free enthalpies, finding that the formation of linear PEI is more probable 
as that of branched PEI [24]. A similar investigation was made for the electrochemical 
polymerization mechanism of p‐phenylenediamine [25]. The monomer of PEI, EDA 
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(ethylenediamine, n = 1) was studied along with different other aliphatic diamines 
by ab  initio  (at Hartree‐Fock  level)  and density  functional  calculations,  giving  an 
insight on the thermodynamics of their protonation [26]. For linear PEI and linear 
polypropylenimine  (n  =  1…5),  ab  initio  and  quantum‐mechanical  calculations  at 
diverse  levels  were  compared  by  computing  their  vibrational  frequencies  and 
intensities after geometry optimization [27]. 

For PEG (n = 1‐5, 10, 20, 30), quantum chemical calculations using DFT, ab 
initio Hartree‐Fock and semiempirical PM3 were used to calculate HMO and LUMO 
energies and quantities related to these, and adsorption energy on Al surface were 
evaluated,  for  correlations with  the  inhibitor  effect  of  these  compounds on  the 
corrosion of Al [28]. The vibrational spectrum of polyethylene was compared with 
the spectrum of PEG, obtained using Gaussian [29]. The influence of intramolecular 
hydrogen bonds in PEG (n = 2‐5) was studied by DFT calculations and MD simulations 
[30]. Quantum chemical calculations for PEG (n = 1‐5) were also used to calculate 
saturation vapor pressures, after selecting the lowest energy conformers [31]. 

Here we test the capacity of quantum chemical computation to characterize 
the stability of polymeric molecules by calculation of thermodynamic quantities. 

 
 

THEORETICAL DETAILS  
 
Fully extended PEI and PEG molecules with different degrees of polymerization 

were used as initial configurations for our investigations, using the Gaussian 09W 
package [32] at the DFT PBEPBE 6‐311G (d,p) level of theory. The studied molecules 
have  been  built  using  Gauss  View  5.0.  Thermodynamic  quantities  at  standard 
temperature (298 K) have been calculated using the thermochemistry output from 
Gaussian,  as  obtained  in  the  program  by  using  the  equations  of  Statistical 
Thermodynamics.  These  calculations  were  made  for  all  the  terms  of  the  two 
polymer homologous series, from n = 3 to 20.    
 
 
RESULTS AND DISCUSSION  
 
  The structures of the linear polymers with different degrees of polymerization, 
n, are presented in Fig. 1 for PEI, with n = 5 …15 mers (structure units) and Fig. 2 for 
PEG, with n = 5…15 mers. 

Some of the calculated Gibbs free energy (G) values expressed in kcal/mol 
and enthropy (S) values in cal/(mol.K) units for different PEI molecules [n = 5…15] 
are given in Table 1 and the similar quantities for PEG [n = 5…15] in Table 2. They were 
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obtained by reporting the thermodynamic quantities given by the DFT calculations 
to the number of mers, n. They are therefore average molar quantities, per mole of 
unit of structure (mer). Of course, the thermodynamic values for the different mers 
are not  the  same along  the polymer  chain.  In particular,  the  two  terminal mers 
differ from the inner ones by a hydrogen atom and thus have lower energies, but 
their effect on the total energies decreases with increasing n values    

The  Gibbs  free  energy  was  calculated  because  it  is  a  measure  of  the 
thermodynamic stability of the molecules. The lower the value of this quantity, the 
more stable the compound. The negative values suggest a thermodynamic stability. 
The values are lower for the PEG molecules as compared with the corresponding 
PEI  molecules,  due  to  the  presence  in  the  former  of  the more  electronegative 
oxygen atoms, replacing the NH groups of PEI.       

The entropy values are small, as expected given the restriction imposed on 
the configurations of the molecules: fully extended configurations as found in solid 
state. They are the same for the two series of molecules, in the limits of the used 
model  

 

             

 

 
 

Fig. 1. PEI containing 5, 10 and 15 mers. Gray circles represents the carbon atoms, 
blue circles the nitrogen atoms, and the smaller circles – the hydrogen atoms 

 
 
In  Fig.  3,  the  values  of  the  molar  Gibbs  free  energy  in  kcal/mol  are 

represented against the number of mers for PEI (n from 3 to 20) and in Fig. 4 for 
PEG (n from 3 to 20). From both figures 3 and 4, an analogous increase of the Gibbs 
free energy per mole of mers with the degree of polymerization, n,  is observed. 
That means a slightly decreasing stability for the higher polymers. It is a logarithmic 
variation, faster for the lower terms of the polymer homologous series but slowing 
down  for  the higher  terms, where  the  stability  becomes practically  constant  up 
from 15‐20 mers. 
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Fig. 2. PEG containing 5, 10, and 15 mers, Gray circles represents the carbon atoms, 
red circles the oxygen atoms, and the smaller circles – the hydrogen atoms 

 
 

Table 1. Some G and H values in kcal/mol and S values  
in cal/molK for PEI  

 

Molecule  G, kcal/mol H, kcal/mol S, kcal/mol 

PEI5  ‐150 ‐143 24
PEI10  ‐142 ‐137 18
PEI15  ‐139 ‐135 15
PEI20  ‐138 ‐134 14

 
 

Table 2. Some G and H values in kcal/mol and S values  
in cal/molK for PEG  

 

Molecule  G, kcal/mol H, kcal/mol S, kcal/mol 

PEG5  ‐169 ‐163 19
PEG10  ‐161 ‐157 13
PEG15  ‐158 ‐155 11
PEG20  ‐157 ‐154 10

 



R. D. PAŞCA, T. A. BEU 
 
 

 
88 

 
Fig. 3. G in kcal/mol against number of mers for PEI 

 
Fig. 4. G in kcal/mol against number of mers for PEG 

 
These  results  were  obtained  using  fully  extended  configurations  of  the 

polymer molecules. However, the flexibility of the carbon backbone of the molecular 
chains  leads to the random coil conformation of polymers with higher degree of 
polymerization, in fluid state or in solution. This would increase the entropy of the 
higher polymers and, in consequence, decrease their free energy, thus showing a 
higher thermodynamic stability.   

Taking into account the intramolecular hydrogen bonds in PEG [30] would 
also affect the configuration of the molecules, but only for the lowest values of n, 
since in higher polymers the contribution of free –OH groups becomes negligible. 
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CONCLUSIONS 

Thermodynamic  characteristics  of  PEI  and  PEG  polymers  of  different 
degrees of polymerization (up to 20), as estimated from a computational chemistry 
model, suggest a slight decrease of stability for the first terms of the two polymer 
homologous series. A more elaborate model, taking into account the flexibility of 
macromolecule segments for higher degrees of polymerization, should complete 
these preliminary results.  
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FEEDBACK CONTROL OF DC MOTORS WITH LONG RANGE  
HC 12 TRANSCEIVER AND ARDUINO 

 
 

M. TODICA1∗ 
 
 

ABSTRACT. The work demonstrates the possibility to control DC motors at long 
distance with feedback. The system uses the radio transceivers HC 12, Arduino 
board and LCD keypad shield. Complete description of the hardware and software 
parts of the system is presented. 
 
Keywords: DC feedback control, HC12 transceiver, Arduino. 

 
 
 
 
INTRODUCTION 
 

One of the problems occurring on remote control devices at long distance 
is the confirmation of the achievement of the command, on the other word the 
feedback the action, [1]. For this purpose the actuator must have the capability to 
send back to the sender the confirmation of the achievement of the order. That 
supposes a bilateral communication between the sender and the receiver, [12]. In 
the radio transmission this task can be done using transceivers. Bluetooth devices 
are actually very popular modules fulfilling this task, being included frequently in 
phones, computers, TV, etc. The range of such devices is of the order of few meters 
and the feedback is not necessarily because the user can perceive with its own 
senses the achievement of the command. The situation is different when using long 
range devices, as HC 12 Bluetooth modules, which can send data over hundred of 
meters, [2]. In this case the feedback is absolutely necessarily. 

This work proposes a simple and cheap solution to provide a feedback 
between the sender and receiver using the Arduino platform, [3]. As examples the 
project was used to control two low power DC motors.  
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EXPERIMENTAL 
 
For this project we need two Arduino Uno boards, two HC12 Bluetooth 

modules, two 3-6 V DC motors, one MX 1805 H bridge and one LCD 1602 keypad 
shield Arduino compatible. The system consists of two parts, the sender and the 
receiver.  

 

Fig. 1. The sender with HC12 module and Arduino Uno.  
The image of the LCD keypad shield. 
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The sender is very simple. The LCD keypad is plugged onto the Arduino 
board and then the HC 12 is soldered on the back side of the Arduino board, as 
shown in figure 1. The correspondence of the pins is shown in table 1.  

 
Table 1 

HC12 Arduino 
Vcc +5V 

GND GND 
Tx Rx 
Rx Tx 
Set NC 

 
It is suitable to connect a decoupling capacitor of 100�F on the power rails 

of HC12 to prevent fluctuations of the alimentation voltage.  
The receiver contains one Arduino Uno board to which the HC 12 is 

attached in the same manner as for the sender, (Fig. 2). On the pins D12-D14 are 
connected the entries IN1-IN4 of the H bridge. The GND of the H bridge is connected 

Fig. 2. The receiver  
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to the GND of Arduino board, and the +V is connected to a separately battery power, 
as shown in figure 2. The DC motors are connected to the outputs of the H bridge. 
The voltage applied to the motor is collected by a resistive divider and applied to 
the entries A1 and A2 of the Arduino board for the feedback, [4, 5, 11]. 
 
 
RESULTS AND DISCUSSION 

 
The important piece of this system is the HC 12 Bluetooth transceiver. It is 

a wireless serial port communication module working in the frequency band from 
433.4 MHz to 473.0 MHz. The domain is divided into 100 channels separated by 400 
KHz each to other. The transmission power can be set in the range -1dBm (0.79mW) 
to 20dBm (100mW), and the receiving sensitivity can be set in the range -117dBm 
(0.019pW) to -100dBm (10pW). These values, as well as the working frequency, can 
be set accessing the AT command of the module, [2]. However we can use the 
modules as they come from the manufacturer, without any supplementary setting, 
because they are set to work at the maximum power and high reception sensitivity 
on the cannel 001. The system contains two HC 12 modules set as sender and 
receiver.  

The sender sends analog data read from a resistive voltage divider, included 
into the LCD keypad shield. The analog values are applied to the pin A0 which is 
connected to the inner resistive divider as shown in figure 3. When pressing one of 
the buttons Right, Left, Up, Down, Select, a given value of the voltage, between 0 

Fig. 3. The inner voltage resistive divider of the LCD keypad shield 
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and 5V, is applied to the pin A0. The ADC of Arduino converts these analog values 
in binary data from 0 to 1023. In the Arduino code of the sender we divide by 4 
these data. This conversion is necessarily because the data from 0 to 255 can be 
sent over the Bluetooth device as 1 byte, which is easier to be accepted on the 
receiver side, [6, 7]. The module HC12 is set on sender mode by the code. 
 
The code for the sender.  
 
#include <LiquidCrystal.h> 
LiquidCrystal lcd(8, 9, 4, 5, 6, 7); 
int x; 
int M1=0; 
int M2=0; 
 
void setup() { 
Serial.begin(9600); // Default communication rate of the Bluetooth module 
lcd.begin(16, 2); 
} 
 
void loop() { 
  x = analogRead(A0);  
  //read analog data for LCD Keypad 
  Serial.write(x/4); // Dividing by 4 for converting from 0 - 1023 to 0 - 256, (1 byte) 
range 
  // Send the values via the serial port to the slave HC-05 Bluetooth device 
  delay(20); 
   
  lcd.setCursor(0, 0); 
      lcd.print("sent x="); 
      lcd.print(x/4);  
  lcd.print("        "); 
  delay(20); 
//displays locally the sending x data 
   
while (Serial.available() == 0) {} 
  M1 = Serial.read(); 
  //delay(10); 
  //Serial.write(val); 
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  lcd.setCursor(0, 1); 
      lcd.print("M1="); 
      lcd.print(M1);  
      lcd.print("       "); 
 //displays the value M1 sent back by the receiver for feedback  
  M2= Serial.read(); 
      lcd.setCursor(10, 1); 
      lcd.print("M2="); 
     lcd.print(M2);  
      lcd.print("   "); 
//displays the value M2 sent back by the receiver for feedback 
} 
 
The receiver select the data sent by the sender and command a corresponding DC 
motor, forward, backward or stop, in function of the values of analog data. The 
interesting part of the project is the feedback action. The principle of working can 
be easily understood following the figure 4, which presents a generic H bridge 
powered by a single voltage battery, with a DC motor connected on its output, [8]. 
A resistive voltage divider R1/R2 is connected at the ends of the DC motor.   
 

 

Fig. 4. The generic schema of H bridge. 
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When the transistors Q1 and Q4 are in ON state, the point A is connected 
to +Vdc and the B point to the ground. The DC motor will rotate in one direction. 

The voltage of the point C of the R1/R2 divider is 
21

1
dc1C RR

R
VV

+
= , [9, 10]. 

When the transistors Q3 and Q2 are in the ON state, the point A is connected to 
GND and the B point to +Vdc. The DC motor will rotate in opposite direction. The 

voltage of the point C of the R1/R2 divider is 
21

2
dc2C RR

R
VV

+
= . In both cases 

the potential of the point C is positive by rapport to GND and proportional to R1 or 
R2 in function of which transistors are in ON state. It results the possibility to 
correlate the rotation direction of the motor to the Vc voltage. This voltage is 
applied to the entries A1 and A2 of the Arduino. These entries are connected to the 
ground trough the resistor R3, (Fig. 3). Due to this resistor the real voltage of the 

entries A1 and A2 is:  
323121

31
dc1C RRRRRR

RR
VV

++
=  and 

323121

32
d2C RRRRRR

RR
cVV

++
= . If the H bridge is not activated the potential 

on the entries A1 and A2 is zero, due to the resistor R3. The values of Vc are sending 
back and displayed on the LCD of the sender. So the feedback is achieved. To do 
this, the HC 12 module is put on the sender mode for few milliseconds, after that it 
comes back on the receiver mode. This operation is commanded by the code.   

If the values of R1 and R2 are different, the Vc1 and Vc2 voltages are 
different for the forward and backward rotation of the DC motor. In this manner it 
is possible to know if the DC motor is rotating and what is the direction of rotation.   
 
The receiver code 
 
#define in1 10 
#define in2 11 
#define in3 12 
#define in4 13 
 
int xAxis; 
int  x = 0; 
int M1=0;//feedback for Motor 1 
int M2=0;//feedback for Motor 2 
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void setup() { 
   
  pinMode(in1, OUTPUT); 
  pinMode(in2, OUTPUT); 
  pinMode(in3, OUTPUT); 
  pinMode(in4, OUTPUT); 
  
  digitalWrite(in1, LOW); 
  digitalWrite(in2, LOW); 
  digitalWrite(in3, LOW); 
  digitalWrite(in4,LOW);   
     
  Serial.begin(9600);  
  // Default communication rate of the Bluetooth module 
} 
 
void loop() { 
 
  // Read the incoming data from the  
  while (Serial.available() == 0) {} 
  x = Serial.read(); 
  delay(10); 
   
  // Convert back the 0 - 255 range to 0 - 1023, suitable for motor control  
  xAxis = x * 4; 
   
  if (xAxis > 50 & xAxis < 170) { 
    //forward 
    digitalWrite(in1,HIGH); 
    digitalWrite(in2,LOW); 
    digitalWrite(in3, LOW); 
    digitalWrite(in4, HIGH); 
    } 
 else if (xAxis > 210 & xAxis < 370) { 
    //backward 
    digitalWrite(in1,LOW); 
    digitalWrite(in2, HIGH); 
    digitalWrite(in3, HIGH); 
    digitalWrite(in4, LOW);   
 } 
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 else if (xAxis > 400 & xAxis < 650 ) { 
    //left 
   digitalWrite(in1,LOW);  
   digitalWrite(in2, LOW); 
   digitalWrite(in3, LOW); 
   digitalWrite(in4,HIGH);   
 } 
 
 else if (xAxis < 20 ) { 
    //right 
   digitalWrite(in1,HIGH);  
   digitalWrite(in2, LOW); 
   digitalWrite(in3, LOW); 
   digitalWrite(in4,LOW);   
 } 
else if (xAxis > 700) { 
    //stop 
   digitalWrite(in1,LOW);  
   digitalWrite(in2, LOW); 
   digitalWrite(in3, LOW); 
   digitalWrite(in4,LOW);   
 } 
  
 M1 = analogRead(A1);  
  Serial.write(M1/4); 
  //send back data to the sender 
  Serial.write(""); 
   //compulsory for separating M1 and M2 data 
      delay(10); 
     
  M2 = analogRead(A2);  
  Serial.write(M2/4); 
   
  delay(20);  
 } 
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CONCLUSION 
 
The possibility to control two DC motors at long distance with feedback was 

tested with HC 12 transceiver. These modules are driven by two Arduino UNO 
boards. Economic and elegant solution for the sender is the use of the LCD keypad 
Arduino compatible shield. The feedback action was performed collecting the 
voltage on the ends of the DC motor trough a resistive voltage divider and sending 
back to the sender. This task is performed using adequate codes for sender and 
receiver. 
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